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ABSTRACT 
 
 Finite element analysis (FEA) has become an increasingly popular tool used by 
researchers and professionals for comparing experimental data to theoretically expected values. 
Its use can prove to be an invaluable resource when analyzing or designing a system by giving 
the user the ability to understand the process being modeled at a much deeper level. However, 
finite element analysis it is still prone to generating inaccurate results if not used properly. When 
simulating certain physical processes, such as those found during manufacturing, the obtained 
results are sometimes prone to error when compared with their experimentally obtained 
counterparts.  
The present work concentrates on exploring the various methods available for improving 
the accuracy of FEA for manufacturing processes. Specifically, the methods of improvement are 
explored as applied to laser-induced bending for a thin metal sheet. A series of sequentially-
coupled thermomechanical analyses have been created for the laser bending process and the 
results have been improved upon through multiple analysis configurations. Through this 
approach, numerous finite element models have been created in order to study the effects of 
incorporating different element technologies available within current FEA commercial software. 
An improved model has been created and is discussed in detail for its better performance. 
Additionally, many model configurations for the same laser forming analysis are presented that 
do not show superior performance. They are included to investigate why certain modeling 
configurations do not yield accurate results. 
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CHAPTER 1 – INTRODUCTION 
 
1.1 – General Overview of Finite Element Analysis in Manufacturing 
 
 According to a recent publication by “The Balance” (a highly respected source for 
financial advice) the current state of manufacturing within the United States is expected to grow. 
Among the reasons for this expected increase include an increase in productivity within the U.S. 
due to significant improvements in new technologies (Amadeo, 2019). Among these 
technologies is the finite element method. The finite element method has arguably proven itself 
to be one of the most useful analytical tools of modern-day science. Its implementation into the 
field of manufacturing, however, may often take different forms and continues to need 
significant research-based attention. 
Typically, a very large company, such as that of the aerospace industry, will rely on finite 
element analysis to understand how a design change to a system will affect its overall 
performance or efficiency. Once a new design has been approved it may go into large scale 
production where components of the new design, such as small structural components, are 
outsourced to small or medium sized companies for manufacturing. However, these smaller 
companies do not have the same access to the finite element software that the larger companies 
do. This poses a potential problem to manufacturers because the processes they are using to 
manufacture the parts may not be up to the same technological standards as were present when 
the parts were designed. Point in hand, while the use of FEA is increasing directly in the global 
sense, its indirect implementation into manufacturing processes may not be up to the same speed 
or level of performance.  
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An example of where this “set-back” in manufacturing may occur could be when a new 
design for a high-performance jet engine calls upon the utilization of a new type of turbine blade. 
The new blade is capable of increased performance but only at the cost of a much smaller margin 
for error in the edges of the blade being burr-free, for example. The manufacturer of the turbine 
blade may not be able to achieve this level of precision for the edges using the same processes 
they had used when the burred edge tolerance was much more forgiving. In this case the 
manufacturer would benefit greatly from a finite element analysis of their manufacturing 
process. The goal of the model would be to investigate what causes larger burrs to occur in the 
finished blades in relation to how their current manufacturing process is configured.  
The use of an accurate finite element model is directly related to the commonly known 
idea of designing for manufacturability (DFM). In a study conducted on the design of heat 
exchangers and its relation to manufacturability, Omidvarnia et al. (2018) determined the optimal 
design for a heat exchanger based on not only the physical constraints of the design itself but 
also on the limitations imposed on the design by various manufacturing processes. The design of 
a component is thus not only dependent on how well it can theoretically perform but also on 
whether it can be manufactured efficiently. It is in cases such as these that the need for 
improvement in manufacturing processes presents itself. Finite element analysis can be used to 
achieve this improvement. 
 
1.2 – Current Research on Manufacturing Processes using Finite Element Analysis 
 
 While there remains a need for further research related to the use of FEA and 
manufacturing processes, there has been some ongoing research that uses FEA modeling to 
investigate processes directly related to manufacturing. Press forming and die-quench forming of 
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metal parts has been studied rigorously in the past to identify sources of geometrical distortion in 
finished parts. In a conference proceeding from 2016, Li et al. discusses the generation of a finite 
element model designed to specifically identify the main sources of geometrical distortion for a 
bevel gear subjected to tooling during a die-quench process. Through the implementation of an 
originally designed user subroutine, known commercially as DANTE, the authors were able to 
determine that stresses due to thermal loadings and material phase transformations were the main 
causes of distortion in the post-processed gear (as opposed to the mechanical stresses as a result 
of deformation). This type of finding would be significant to a manufacturer in the process of 
trying to ameliorate distortion in a die-quenched part. By isolating the distortion of the part to 
only the thermal and phase transformation-based stresses, it rules out any contributions to 
distortion due to deformation-based stresses.  
FEA research into manufacturing processes has also investigated processes associated 
with metal cutting. In a study that examined the process of chip-formation during a metal cutting 
process, Rodrίguez et al. (2017) investigated the effects of utilizing a non-traditional finite 
element based numerical analysis technique, known as the Particle Finite Element Method 
(PFEM), in order to study its effects on overall model efficiency. During this study, the authors 
showed how simulating a metal cutting process with FEM could be limited in terms of its 
efficiency due to the intrinsic nature of metal cutting itself. This limitation is present because the 
simulation of metal cutting results in large mesh deformations when using a traditional 
Lagrangian or Eulerian formulation approach. When large mesh deformations are present it is 
often necessary to include adaptive mesh refinement at the great expense of computational 
efficiency. The results of the study showed that an alternative numerical technique could 
accurately simulate metal cutting while also performing at a higher level of efficiency when 
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compared to other traditional simulation techniques. Research such as this is an example of how 
FEA may be improved upon when considering processes that are typical of the manufacturing 
industry. 
1.3 – General Overview of Laser-Induced Bending 
 
 When it comes to considering the various manufacturing processes that are modelled 
using FEA, laser-induced bending is a topic that many researchers have focused their attention 
on. Numerous research projects, peer-reviewed articles as well as PhD dissertations have been 
written on the topic of laser-induced bending as applied to metal sheets. Researchers have been 
exploring the various ways to optimize the process by concentrating on parametric studies which 
focus on determining the various optimal laser beam configurations for a given sheet of metal. 
However, across all of these studies the same general physical principles are occurring and the 
motivation behind the laser-induced bending is the same. 
  Whilst most manufacturing processes that result in plastic deformation of a metallic part 
include physical contact with a tool, laser-induced bending is unique in that it may achieve the 
same plastic deformation while being considered a “non-contact” method of metal forming. The 
term “non-contact” is used simply to represent the fact that no applied loading is the result of any 
solid-to-solid, or part-to part, contact. This characteristic gives laser-induced metal forming 
considerable advantages to manufacturing including increased energy efficiency, the ability to 
form complex geometry, an easier and higher degree of control over the process as well as a 
reduced spring-back effect in some cases (Shi et al., 2006). The physical processes that are 
occurring during laser forming are relatively complicated. However, at the “core” of what is 
happening is a geometrical deformation about a predetermined scan line that the laser beam is 
following. The metal is heated to a point where the thermal stresses primarily cause the material 
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to flow plastically via a mechanism that is determined by the various input parameters in 
addition to the geometry of the part being processed. 
When performing an experiment or validation analysis involving laser-induced bending, 
researchers will typically look for a few key result items that are characteristic to laser forming. 
These results represent a standard method for quantifying the final deformed configuration as 
related to the geometry of the part. The first measured quantity is usually that of the bending 
angle formed between the initial flat position of the metal sheet and the subsequent final shape of 
the deformed part, as shown in Figure 1.1. Other results used for data collection include the 
thickness increment, or the measured thickness of the metal sheet at a specified point after the 
forming has completed, in addition to other specific result items depending on the geometry or 
final state of the deformed sheet. 
 
 
 
 
 
 
 
 
 
 
 
          
Figure 1.1: Example of bending angle formed (not to scale) 
 
 
 
Line extending 
from center of 
plate 
Initial flat configuration 
ϴ 
Final deformed shape 
6 
 
1.4 – Objectives of Current Research 
 
This thesis seeks to improve the accuracy of a finite element model that simulates the 
laser forming process. The model is created for the case of a thin circular metal sheet and the 
laser forming process is simulated by applying the laser along twelve individual radial scan lines. 
A series of five separate finite element analyses were performed on the laser-induced bending 
model using different mesh configurations as well as different numerical integration schemes in 
order to investigate the effects. While the accuracy of the results is the primary objective, the 
efficiency of the model is also considered while utilizing different analysis configurations. 
In the previously mentioned research by Li et al. (2016) it was shown that the main 
sources of distortion for a die-quenched bevel gear could be determined through finite element 
analysis by incorporating a specifically designed user subroutine. In the research performed by 
Omidvarnia et al. (2016) it was shown that the efficiency of a finite element model could be 
enhanced by utilizing an alternate numerical analysis technique. The research performed by these 
authors are excellent examples of what the currently presented work seeks to promote and help 
facilitate in the field of FEA as applied to processes typical of manufacturing. By improving the 
accuracy of a finite element model that simulates laser-induced bending, this thesis intends to 
contribute to the improvement of finite element analysis when applied to processes typical of the 
manufacturing industry.  
The novelty that is presented in this thesis is the result of performing research with 
commercial finite element analysis software for over two years and specifically addresses the  
effects of the “enhanced strain formulation” technique that is provided by ANSYS. Other topics 
include observing the effects of large mesh distortions on the performance of various numerical 
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integration techniques as well as offering suggestions for future research based on further 
improvements to the presented finite element model. 
 
1.5 – Thesis Organization 
  
 Since this thesis is based on the use of the finite element method, Chapter 2 is dedicated 
entirely to the theory of finite element analysis and how different formulation techniques have 
been created for its execution. Chapter 3 reviews the academic literature that has been published 
specifically on the laser-induced-bending process. The FEM model that has been created for this 
thesis uses experimentally obtained result data from the work published by one of these 
academic articles; temperature-dependent material properties and imposed boundary conditions 
are the same. In Chapter 4 the creation of the FEM model is broken down and explained in 
detail. The laser-induced bending process is explained as it applies to the analyses that were 
conducted. Chapter 5 presents the results for five different analysis configurations of the finite 
element model and highlights the accuracies of the configuration that yielded the most accurate 
results. In the discussion of the results, Chapter 6, comparisons of the different model 
configurations are discussed, and various figures are presented to complement the differences in 
accuracy. Finally, in Chapter 7, conclusions based on the results of the analyses are offered and 
ideas for future research projects are suggested. Following Chapter 7 are the Appendices, which 
include specific model input data and additional figures not included in the main body of the 
thesis. 
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CHAPTER 2 – FINITE ELEMENT METHOD THEORY 
 
2.1 – Introduction 
 
 For the purposes of this chapter, the relevant theory of the finite element method will be 
primarily described as it was applied to the laser-induced bending model that was created. While 
most of the theory will be specific in that sense, certain generalized descriptions of the finite 
element method will also be given, where necessary, to establish the fundamental framework of 
the procedure that was followed while solving the laser-induced bending problem. With that in 
mind, a brief summary of performing finite element analysis is now given. At the core of any 
model that uses the finite element method are three fundamental steps that can be summarized as 
follows1. 
1. Pre-processing – Gathering all information about the discretized problem domain in 
terms of the mesh, types of elements that have been assembled to represent that mesh, the 
material properties that are assigned to those elements and the imposed boundary 
conditions. The boundary conditions may be any support conditions to the domain or 
loadings that are applied to the domain. The “domain” can be thought of as any part of 
the geometry, which represents the structure, which has been discretized into a mesh 
configuration so that a numerical analysis can be performed. In Figure 2.1, the geometry 
has been discretized and decomposed into a mesh of representative elements. 
                                                     
1 Steps are outlined with reference to (Cook, Malkus, Plesha, & Witt, 2002) 
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Figure 2.1: Decomposition of structural geometry into a representative discretized mesh 
 
2. Numerical Analysis – Once all the necessary data is collected, it is assembled into a 
matrix equation that represents the behavior of the system under the given conditions of 
equilibrium. For example, in its most basic form, the condition of static equilibrium for a 
structure is given by: 
                                   {𝐹} = [𝐾]{𝑢}         (1)  
Where F represents the imposed forces on the structure, u represents the nodal 
displacements of the elements that constitute the mesh and [K] represents the material 
response properties of the elements. can be solved once it is subjected to boundary 
conditions. In terms of “broad strokes,” the boundary conditions provide the numerical 
analysis with a point of reference or set of initial conditions against which to be solved. 
Without this initial information, the system of equations cannot be solved. 
Once the complete system of the matrix equation is formed, the system is solved 
for the given unknown variable. The “unknown” may also be described more generally as 
a “field quantity” since finite element analysis is not only applicable to displacements and 
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static equilibrium, but also temperatures and thermal equilibrium, for example. The solve 
process is described more rigorously in a later section of this chapter. 
3. Post-processing – Finally, once all the unknowns have been determined at the final 
equilibrium state, further calculations may be performed because the primary unknown 
has been calculated. These calculations may now be listed or displayed graphically in the 
form of contour plots where quantities are displayed as colors over the final deformed 
configuration state.   
 
2.2 – The Governing Equation for Laser-Induced Bending 
 
 During the second step of a finite element analysis, an equation is given which describes 
the conditions of equilibrium. The current simulation of the laser forming process has been 
modelled as a series of twelve independent transient thermal analyses which have all been 
coupled to a final static structural analysis. For the thermal portion of the model, the governing 
equation is given by the partial differential equation: 
∇ (𝐾∇𝑇) =  𝜌𝐶
𝛿𝑇
𝛿𝑡
 ∀𝒙 ∈ V, t > 0 (2) 
Or more generally, 
          [𝐶]{𝑇}̇ + [𝐾𝑇]{𝑇} = {𝑅𝑇}       (3) 
 In the above equations 𝐾 represents the thermal conductivity of the material, 𝑇 represents 
the temperature, 𝜌 is the mass density, 𝐶 is the specific heat of the metal and R is an array that 
represents a given temperature distribution for the metal sheet. Since the value of {𝑅𝑇} is equal to 
{0} in the equation given by (2), the analysis will run until the metal plate cools to room 
temperature, or the temperature at which the thermal strain is equal to zero. It is noted how the 
11 
 
form of the equation in (2) differs from that shown by the most basic form for a static analysis as 
shown by equation (1) in section 2.1. In addition to this analysis being time-rate-dependent, it is 
also nonlinear as a result of the temperature dependent material properties. The temperature 
dependent properties used in this model are listed at the end of this thesis in Appendix A. 
   As stated previously, the thermal portion of the model was coupled with a final static 
structural analysis where the governing equation for the static equilibrium is given by2: 
∇  ∙  𝝈 = 0 ∀𝒙 ∈ V  (4) 
 
 However, because this analysis is coupled with the results from the thermal analyses, it 
may be easier to understand the physical phenomena of what is occurring if the equation is 
written alternatively as: 
∇ (𝝈𝒎𝒆𝒄𝒉𝒂𝒏𝒊𝒄𝒂𝒍 +  𝝈𝑡ℎ𝑒𝑟𝑚𝑎𝑙) = {𝟎}        (5) 
 By distributing and moving either component of stress to the opposite side of the 
equation it is then shown that the mechanical stress in the plate is equal in magnitude to the stress 
imposed on the plate by the thermal loading. Relating this information back to the basic form of 
the equation given by equation (1) we have the modified version of equation (1) as:  
{𝐹} = [𝐾]{𝑢} +  𝛼𝐸∆𝑇 = {0}         (6) 
       Which can be written as: 
           [𝐾]{𝑢} =  −𝛼𝐸∆𝑇             (7) 
 On the left-hand side of equation (7) the mechanical behavior of the material is given by 
a temperature dependent hardening law and on the right-hand side we have thermal stress. Since 
the thermal stress is known, and there exists a known displacement boundary condition, the 
model can now be solved for in terms of nodal displacement. From beginning to end the 
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constituent relational equation defines, in mathematical terms, how the analysis must proceed 
and according to which physical laws it must abide.  
 
2.3 – The Solve Process 
 
 As was briefly mentioned in section 2.1 the solve process begins once the entire system 
of matrix equations has been assembled and the boundary conditions have been applied thus 
defining an initial state. For the laser-induced bending analysis two separate types of analyses 
take place due to the one-way coupling of the modelled process. During a one-way coupling it is 
implied that the set of results for the first analysis has a significant effect on the results of the 
second analysis but not the opposite. This means that, for the laser forming analysis, the entire 
transient thermal portion of the model may be analyzed a priori to the static structural analysis. 
Once the static analysis begins, results from the thermal analysis can simply be input for each 
time step or increment. A schematic representation of this process is shown in Figure 2.2 as it 
was applied to the thesis model. 
 
 
 
  
Figure 2.2: One-way coupling for thermal-structural interaction 
 While the temperature field influences the deformation that occurs, the deformation has 
no (or negligible) effect on the temperature field distribution. Since the solve processes are 
performed separately from one another, different methods of solving may be used. This is an 
advantage to one-way coupled systems because the most efficient solution method for one 
Perform Transient 
Thermal Analysis 
(store all results)  
Read in 
temperature 
for new time 
increment  
Perform Static 
Structural 
Analysis 
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process may be completely different from the other. The consequence, however, is the potential 
need to store an extremely large amount of data for the first set of results. As such, 
computational efficiency is decreased. This will come into effect during the assembly phase of 
the second analysis and negatively impact the overall efficiency of the model. 
 There are two general numerical methods available to solve a finite element model. A 
solver may use a direct method of Gaussian elimination or an iterative method that consistently 
refines an estimated solution value until it is within an acceptable tolerance of the theoretically 
exact value (Mechanical APDL Theory Reference). In the current case of the laser-induced 
bending model, the first portion of the model that was performed was a transient thermal analysis 
which represented the twelve laser scans on the plate. A direct method of numerical integration 
was chosen due to the highly nonlinear nature of the problem. The direct method is typically 
favored when performing a transient thermal analysis that is nonlinear in nature (Cook, Malkus, 
Plesha, & Witt, 2002). During the direct integration method, the temperature field {T} is 
determined at each time interval according to an algorithm which may be presented in many 
forms, however, a generalized example is given in equation (8) which is commonly referred to as 
the generalized trapezoidal rule (Hughes, 1987). 
             {𝑇}𝑛+1 =  {𝑇}𝑛 + ∆𝑡(1 − 𝛽){?̇?𝑛} + ∆𝑡𝛽{?̇?𝑛+1}        (8) 
Where 𝛽 is a transient integration parameter and ∆𝑡 is equal to the time increment given 
by equation (9). 
 ∆𝑡 = 𝑡𝑛+1 − 𝑡𝑛           (9) 
 {𝑇}𝑛 represents the nodal degree of freedom for the temperature at time 𝑡𝑛 and {?̇?𝑛} is 
the rate of change in temperature, with respect to time, at time 𝑡𝑛. By taking the general form for 
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a transient thermal analysis presented in equation (3) and rewriting it for the temperature {𝑇}𝑛+1 
the follow equation is obtained. 
[𝐶]{?̇?𝑛+1} + [𝐾𝑇]{𝑇𝑛+1} = {𝑅𝑇}        (10) 
By substituting the expression for {𝑇}𝑛+1 defined in equation (8) into equation (10) the 
following relation is made. 
(
1
𝛽∆𝑡
 [𝐶] + [𝐾𝑇]) {𝑇𝑛+1} = {𝑅𝑇} + [𝐶] (
1
𝛽∆𝑡
{𝑇𝑛} + 
1−𝛽
𝛽
{?̇?𝑛})         (11) 
The solution to equation (11) for {𝑇𝑛+1} can now be used back in equation (8) to provide 
an updated field value for {?̇?𝑛+1}. It is in this fashion that, when combined with the Newton-
Raphson method for a nonlinear analysis, the analytical solution process proceeds. It should be 
noted that for an unconditionally stable analysis, 𝛽 is chosen such that: 
0.5 ≤  𝛽 ≤ 1         (12) 
If 𝛽 is chosen such that it less than 0.5 the algorithm is said to be conditionally stable and 
the maximum time step ∆𝑡 for which numerical stability is achieved is given by equation (13). 
∆𝑡𝑐𝑟 =  
2
(1−2𝛽)𝜆𝑚𝑎𝑥
          (13) 
Where 𝜆𝑚𝑎𝑥 is the largest Eigen-value obtained for equation (14), which represents the 
commonly referred to “modal method” for carrying out a transient analysis (Cook, Malkus, 
Plesha, & Witt, 2002). 
([𝐾𝑇] − 𝜆[𝐶]){?̅?} = {0}           (14) 
Where {?̅?} is used to represent each eigenvector, which is normalized with respect to [𝐶]. 
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2.4 – Implementing a Source of “Moving Heat” into Finite Element Analysis 
 
 Often when modeling a process with FEM there exist certain limitations as to what kind 
of physical phenomena can be simulated. During the transient analysis, various boundary 
conditions were imposed on the model which varied as a function of time. This time-dependency 
is at the core of what makes a transient analysis transient, as opposed to being static. However, 
for the laser-induced bending process, a boundary condition representative of the laser needed to 
be incorporated not only as a function of time, but also as a function of location. The following 
theory represents how that requirement was met through the implementation of a subroutine 
presented by Srivastava, A. (2016). 
 
 
 
 
 
 
 
Figure 2.3: Schematic diagram for application of a laser beam into a FE model 
 
In Figure 2.3, a laser beam is applied at a point along a curve at a particular instance in 
time. The thermal loading applied by the laser is represented by heat flux applied to the surface 
upon which laser’s path is defined according to equation (15). 
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𝑞 =  𝐶2𝑒
−[(𝑥−𝑥0)
2+(𝑦−𝑦0)
2+(𝑧−𝑧0)
2]
𝐶1
2
             (15) 
Where, 
q = Heat flux applied to surface 
C1 = Radius of laser beam 
C2 = Source power intensity 
(x0, y0, z0) = Instantaneous position of laser beam 
 
It should be noted that the distance that the laser beam has traveled (as shown in Figure 
2.3) is equal to the velocity, v, of the moving laser multiplied by the time that the laser beam has 
been traveling along its defined path. The fundamental theory behind the application of this 
moving laser beam has been taken from the “moving Gaussian heat source” as presented by 
Srivastava, A. (2016).   
 
2.5 – Enhanced Formulation 
 
  For the purposes of explaining the present theory, a two-dimensional approach is used. 
While the analyses and models presented in this thesis utilize three-dimensional solid elements, 
the theory as explained for the two-dimensional case is directly extendable to three dimensions. 
The shape functions for a Q4 element are given by equation (16) where (ξ,η) denote the intrinsic 
coordinates within the interval [-1,1] and (ξi, ηi) denote the local coordinates of node “i.” 
Ni =
(1+ξξi)(1+ηηi)
4
, i = 1, … . . ,4 (16) 
When a Q4 element becomes distorted, or deforms during the course of an analysis, the 
shape of the deformed element is related (transformed) back to its original “parent” shape 
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through use of equation (16) so that it may be evaluated within a locally coordinate system as 
shown in Figure 2.4. 
 
 
 
    
 
 
 
Figure 2.4: A deformed Q4 element that has been mapped onto ξ-η space. 
 
When an undeformed Q4 element is subjected to a bending load as shown in Figure 2.5, 
spurious shear strain develops in addition to bending strain. Due to this increase in strain, 
additional strain energy is created and thus, in the case of pure bending deformation, the bending 
moment required to produce the energy increases and is greater than the bending force actually 
required. For the scenario depicted in Figure 2.5, when the angle of bend for the finite element is 
larger than that of the actually observed bending angle the element has become overly stiff due to 
the development of spurious shear strains. When this occurs, the element is said to be in a state 
of “shear lock.” 
 
Figure 2.5: (a) True bending behavior and (b) Q4 bending behavior 
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With the extra strain energy produced during Q4 shear locking already known, the work 
performed by the applied moment can be broken down into the work component as a result of 
bending and the total work that is representative of the total internal strain energy of the element. 
These two quantities of energy are given by equation (17) and can be used to deduce a 
relationship that may quantify the bending deformation that actually should have occurred in the 
element. This relationship is given in equation (18). In both equations (17) and (18) the angle ϴ 
is measured in relation to the center of curvature of the deformed element shape as shown in 
Figure 2.5. 
Mbθb
2
= Ub                         
Melθel
2
= Uel                 (17) 
θel
θb
=
1−ν2
1+
1−ν
2
(
a
b
)2
  (18) 
To avoid shear locking with the Q4 element, incompatible and generalized degrees of 
freedoms can be added to the element shape functions to better represent pure bending behavior. 
The degrees of freedom are added only at the element level and thus, do not represent any actual 
nodes. In equation (19) and (20) the shape functions for a Q4 element are shown with the 
addition of generalized degrees of freedom. 
ue = ∑ Niui
4
i=1 + (1 − ξ
2)a1 + (1 − η
2)a2  (19) 
                ve = ∑ Nivi
4
i=1 + (1 − ξ
2)a3 + (1 − η
2)a4                (20) 
True bending behavior may now be observed as a result of the addition of the higher-
order terms in equations (19) and (20). This enhanced Q4 element is commonly referred to as a 
QM6 element due to the addition of two additional terms for a total of six displacement 
functions. Finite element software packages such as ANSYS Mechanical APDL build upon this 
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basic approach adding internal DOFs in order to numerically enhance the modeling capabilities 
of the element while attempting to conserve computational resources.  
 Often when a finite element model has used Q4 elements and erroneous results are 
obtained (assuming the analysis is able to run to completion) the shear locking may be observed 
by the “hour-glass” shape produced by the elements as shown in Figure 2.6. 
 
Figure 2.6: Hour-glassing due to shear lock 
 
2.5 – Computational Resources and HPC Requirements for Finite Element Analysis 
 
 In order to use commercial FEA software efficiently and make use of the vast 
computational power that is available, the user must become proficient in computer sciences to a 
relative degree. Indeed, one of the biggest challenges still facing FEA technicians today is in the 
constant need for a computationally efficient model that will yield accurate data yet not require 
an immense amount of computational power or storage space. Simple models may be analyzed 
with relative ease but, when a larger model is required, and analyses begin to take multiple hours 
to complete, a background in computer science becomes advantageous. Due to the one-way 
coupling previously mentioned for this thesis model, considerable computational resources were 
devoted to preprocessing with very large requirements for memory. This led to initial failures in 
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the analysis, not due to errors in the finite element model itself, but due to improper 
configurations of the job submission as related to the allocation of computational resources.  
 With the introduction of higher-order elements, for example, the solution process 
becomes significantly more complex and computationally demanding. If the mesh consists of 
higher-order solid hexahedral elements, as will be discussed in this thesis, the ratio of the total 
degrees of freedom to the total number of elements will increase (as opposed to a mesh 
consisting of linear elements). When the ratio of DOFs to the number of elements increases 
significantly enough, and is combined with a significantly larger model size, the analysis begins 
to require higher performance computing standards capable of breaking the model domain down 
into smaller parts for analytical processing.  
It is in this case that high-performance computing, or HPC, is desired. However, when 
implementing the use of an HPC compute cluster many considerations must be made in order to 
accommodate the use of the HPC’s specific configuration. In the case of an increased number in 
DOFs per element, the default memory settings within the finite element software may need to 
be altered to ensure an efficient analysis sequence. By default, an HPC compute node may not 
hold enough immediately available memory for a given analysis. Without changing certain 
solver memory settings for the finite element analysis, the solution time could take longer or 
even in some cases fail under HPC utilization. This situation emphasizes the importance of a 
background knowledge in computer science when working with FEA and large models.  
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CHAPTER 3 - LITERATURE REVIEW 
 
 3.1 – Introduction 
  
 The process of laser-induced bending was briefly introduced in Chapter 1 of this thesis in 
order to provide a background of laser-induced bending within the context of manufacturing. In 
this chapter a thorough literature review of laser forming is conducted to establish how research 
related to laser forming has progressed in recent years. This literature review covers a time span 
between the years of 2001 to 2018. The majority of this discussion is reserved for the aspects of 
research that are relevant to finite element modeling, however, various other aspects of research 
are discussed including experimentation as well as the development of analytical models for 
estimating various quantities related to laser forming. As will be shown, laser-induced bending 
has been studied extensively for its potential to be a highly efficient manufacturing process. 
 
3.2 – The Mechanisms of Laser Forming 
 
 Among the most well-known phenomena that may occur during laser forming are three 
fundamental mechanisms by which a laser beam is able to bend metal about a predetermined 
scan line. The determination of which mechanism will dominate a laser bending process depends 
on many factors that researchers have been parameterizing and investigating ever since-laser 
induced bending began to be studied. The first mechanism is known as the temperature gradient 
mechanism (TGM) and arises for the situation where a steep temperature gradient exists through 
the thickness of the metal. During the temperature gradient method, as discussed by Watkins et 
al. (2001), a metal sheet will initially bend in the direction away from the laser beam being 
applied, as shown in Figure 3.1. Due to the steep temperature gradient, portions of the metal 
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along the top of the sheet will have yielded due to thermal stresses and reached a state of plastic 
flow, while the bottom portions of the sheet have remained relatively cool. Upon removal of the 
laser beam, the areas that were once under compression due to plastic flow experience a local 
shortening in length compared to the bottom layers. Due to this induced differential in length, the 
outer portions of the sheet are “pulled” upwards resulting in the deformation about the original 
scan line. An example of TGM dominating a laser forming process would be in the case of a 
laser beam that moves quickly across the scan line surface of a metal. 
 
 
 
 
Figure 3.1: Temperature gradient mechanism (TGM) of laser bending 
 
 It is important to note that bending does not only occur about the laser scan line path. In a 
study by Shi et al. (2005) the authors describe not only the out-of-plane bending that occurs during 
TGM (about the scan line path) but also the in-plane bending as well. It is in this manner that under 
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TGM dominated bending, the deformation will occur in the radial direction towards the end point 
of the scan. This would cause a circular sheet of metal, for example, to bend upwards and inwards 
so that the final diameter of the shape was less than when it was flat. 
 The finite element modeling of laser forming via the temperature gradient mechanism has 
been stated to require much longer compute times in addition to requiring much larger amounts of 
memory storage space (Cheng & Lin 2001). Additionally, convergence issues may arise for cases 
in which particularly steep gradients in temperature exist. 
 The second commonly known mechanism of bending is known as the buckling mechanism 
(BM). The most classic example of BM occurs when the laser spot diameter is greater than the 
thickness of the metal sheet in combination with a relatively slow scan speed of the laser. This 
creates a relatively uniform temperature distribution through the thickness of the metal along the 
path of the laser. Prediction for the direction of the out-of-plane bending is usually favored to be 
away from the laser beam unless a certain constraint is present that would cause the metal to favor 
bending in the opposite direction. For the case of the metal being initially stress-free, authors 
Chakraborty et al. (2018) state that, in general, the bending will favor the direction opposite that 
of the laser. In Figure 3.2, the metal sheet has deformed under BM-dominated conditions.  
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Figure 3.2: Buckling mechanism of bending deformation 
 
It is important to consider the constraining effect of the metal surrounding the scan area 
which has not been heated to a significant degree. It is because of this constraint that the BM-
dominated deformation will often result in a “bulge” where the bend is occurring. As explained by 
Shi et al. (2005), this bulge will normally occur first at the irradiated side of the metal sheet. This 
leads to the irradiated surface generally having slightly more plastic deformation as compared to 
the bottom (un-irradiated) surface. With more thermal expansion having occurred at the irradiated 
surface, the bending favors the direction opposite the laser.  
As stated by Shen et al. (2006), the buckling mechanism is associated with a large amount 
of thermo-elastic strain. When considering this characteristic for FEM purposes, the thermal 
analysis must be able to incorporate the time-dependent nature of the thermal loading in addition 
to being nonlinear. It is crucial that the finite element model be able to accurately simulation the 
distribution of temperature through the thickness of the metal because it is this distribution that 
ultimately determines the governing mechanics of deformation for laser-induced bending.  
Heated zone 
(orange) 
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The final basic mechanism for laser forming is known as the upsetting mechanism (UM). 
When the geometry of the sheet prevents the buckling mechanism from occurring, due to an 
increased thickness, for example, but the heat from the laser is still allowed to pass almost 
uniformly through the thickness, UM is considered to be dominant. There may exist a small 
gradient for temperature through the thickness, but it is not significant enough to have the same 
effect as TGM. At the surface of the irradiated region the metal will expand in a similar manner to 
the buckling mechanism but, the bending response will be in the same plane as the laser beam. 
This effectively “tightens” the metal together and causes two bulges on either side of the sheet. 
The effect is shown in Figure 3.3. 
 
 
     Figure 3.3: Typical results of the upsetting mechanism 
 
3.3 – Additional Mechanisms of Laser Forming 
 
Beyond the three basic mechanisms for laser-induced bending presented in the previous 
section, there has been considerable research performed that seeks to define alternate 
mechanisms by which the laser forming process occurs. Most of these proposed mechanisms 
involve combinations of previously established mechanisms such as the TGM, BM and UM. In 
the work performed by Shi et al. (2005) the “coupling mechanism” is presented as a new method 
to describe the laser forming process. By combining the phenomena that occur during both the 
temperature gradient method and upsetting method, the authors are able to break down certain 
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processes that occur during laser forming. For example, the plastic deformation that occurs 
within the metal may be broken down into parts, with TGM and UM each contributing a certain 
amount of influence to the plastic deformation. Furthermore, it is through the combination of 
TGM and UM that one cohesive mechanism is considered. One cohesive mechanism is desirable 
when different configurations, or boundary conditions, are imposed on the metal sheet.  In 
having to consider more than one mechanism, many input parameters must be considered to 
ensure that a more desirable laser-forming process occurs. 
 The interest in studying various coupling mechanisms has been mentioned by many 
authors in the past. At the turn of the 21st century Watkins et al. (2001) identified that various 
mechanisms may accompany one another during a laser forming process “because there is a 
transition region of processing parameters and geometries where a switch from one mechanism 
to another takes place.” Especially when considering the wide range of parametric studies that 
have been performed on the laser forming process, it may be very necessary to include the 
discussion of coupling mechanisms in order to explain any observed phenomena or results that 
do not conform to one basic mechanism. With the technological advancements in laser forming 
capabilities, complex geometries are being studied with more sophisticated laser scan paths. As a 
result, significant changes in the dominant process mechanism may occur. When applying a laser 
along a curved path, the material immediately adjacent to the irradiated zone becomes a very 
strong influential factor for the final deformed geometry (Hennige, 2000). In cases such as this, 
the fundamental mechanics which underlie the forming process deviate away from that which 
can be explained through any one basic mechanism of bending. 
 
 
27 
 
3.4 – Parametric Studies on Process Input Variables 
 
 The goal of any manufacturing process is to create a part that meets design specifications 
while doing so in a manner that is consistent and reliable. Due to the various mechanisms that 
may dominate a laser-induced bending process, numerous studies have investigated how 
different laser specific parameters affect the overall bending process and, ultimately, the final 
deformed geometry. Among the various parameters that have been studied, the most notable 
include the laser spot diameter, the power of the laser beam and the speed at which the laser scan 
progresses.  
In a study by Chakraborty et al. (2012) the authors studied how varying these three input 
parameters affected both the bending angle and thickness increment for steel circular blanks 
subject to various annular or radial scan paths. The results of the study showed that for annular 
scans, the combination of minimal spot diameter and scan speed with maximum laser power 
produced the largest bending angle across all scenarios. For the radial scan scheme, under the 
same configuration, the maximum average value in thickness increment occurred with the lowest 
coefficient of variation (CV). The dimensions of the circular blanks were one millimeter in 
thickness and 100 millimeters in diameter. It was also found by Chakraborty et al. (2012) that for 
radial scans of increasing length, the bending angle and thickness increment increased together 
while the coefficient of variation for the thickness increment decreased. Whenever the 
coefficient of variation for a given set of measurements is relatively small it indicates more 
uniformity in the measurements. Lower values for CV are often desired in circular sheets as it 
may represent a more symmetrical deformed geometry. For manufacturing processes, uniformity 
and symmetry are usually highly desired characteristics for processed parts as they may represent 
a very reliable process. It should be noted, however, that reliability does not imply accuracy. A 
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manufacturing process may consistently output a specific geometric configuration but not be 
within the acceptable design specifications of the part. 
In a more recent study, Tavakoli et al. (2017) contributed to the advancement of the laser 
forming process by seeking out the optimal radial scan path for producing a bowl-shaped 
geometry out of a circular blank. During this intricate parametric-optimization study, the authors 
investigate the effects of the laser scan path by considering two categories of scan path – whether 
or not the laser beam crosses the center of the plate. Furthermore, the authors then subdivide 
each category of scan paths into diagonal scans, which start at the edge of the blank and move 
across to the opposite side, divergent scans, which start at the center of the plate and then move 
radially outward, and convergent scans, which start at the outer edge of the blank and move 
radially inward until they reach the center. The study then becomes even more intricate for the 
case of scan paths that do not cross the center of the plate. During these forming processes 
additional laser scans are included at a finer degree of annular separation and a further 
subdivision of those scans is made into alternating steps of scan length. It is clear from this study 
that during process optimization a fairly exhaustive method must be used. 
In the findings of Tavakoli et al. (2017) they conclude the radial scan pattern producing 
the optimal bowl-shaped geometry is a “convergent non-cross scan path with 30° angular step.” 
The most important information gained by reviewing this literature is that if a symmetric bowl 
shape is desired, then the laser scan paths must be separated by 30 degrees and each “pass” of the 
laser should start at the outer circumferential periphery of the blank. Additionally, if possible, 
every other laser scan should be of a different length compared with the lengths of the scans 
immediately adjacent. In Figure 3.4 an example of this optimal scan pattern is shown. 
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       Figure 3.4: Example of optimal laser scan path pattern 
 
 The various parametric studies that have been performed on laser-induced bending may 
not always parameterize multiple input variables but instead concentrate on a single input 
parameter in order to investigate a more complicated process that is occurring. The laser scan 
speed is an important variable to consider in this regard because it may be the main contributing 
factor in the dominant mechanism present. As previously described in the discussion on the 
temperature gradient mechanism, both in-plane and out-of-plane bending may be present during 
a laser forming process (Shi et al. 2005). This is exemplified in Figure 3.5. 
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Figure 3.5: Out-of-plane bending vs. in-plane bending 
 
In a study performed by Zohoor & Zahrani (2012), the laser scan speed was 
parameterized by having either a “fixed” or “variable” speed pattern. The aim of the study was to 
investigate the parameter’s effect on unfavorable geometrical distortions along the longitudinal 
scan path. In reference to Figure 3.5, this longitudinal distortion is represented by the secondary 
bending angle that may occur during a TGM dominant laser forming process. It was discovered 
by the authors that by increasing the scan speed for the fixed speed pattern, there was a 
correlational decrease for both the primary bending angle formed and the in-plane longitudinal 
distortion. When using the variable scan speeds, the authors found that, in general, increasing the 
speeds for any variation in speed step would result in lower strains in the work piece. The 
methods of this study were an excellent example of how academic research has provided 
potential insights for laser-induced bending manufacturing processes. 
 When considering the various parameters that may be investigated for a laser-induced 
bending process, the majority of research has concentrated on characteristics of the laser itself, or 
the patterns used during the implementation of the laser. In a study that used an alternative 
parametric approach, the authors (Yanjin et al. 2005) focused on the effects of the laser forming 
 Front view Side view 
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process in relation to the material properties of the metal being formed. The material properties 
that are relevant during a laser-induced bending process typically include, but may not 
necessarily be limited to, the elastic modulus, yield strength, coefficient of thermal expansion, 
specific heat index, density and thermal conductivity of the metal being formed. All of these 
material properties are temperature-dependent, however, by holding any one of these properties 
as constant during an analysis, its effect on laser forming may be deduced. This was the method 
used by Yanjin et al. (2005) for a series of analyses that studied the overall contribution of each 
material property on the resulting bending angle formed. It was found in this study that for 
materials with low elastic moduli and low yield strength, a larger bending angle was observed 
with the yield strength presenting itself as the more sensitive parameter when compared to 
Young’s modulus. Additionally, in agreement with common intuition, the coefficient of thermal 
expansion was nearly in direct proportion to the bending angle. Smaller values for thermal 
conductivity were seen to be causing the greatest difference in temperature distribution through 
the thickness of the sheet and, separately, the combination of low specific heat with low values 
of density facilitated an increase in formability and overall bending angle.  
3.5 – The Usage of Finite Element Analysis in Past Research 
 
 One of the most recurring implications of past research into laser forming has been in the 
potential of the process to be used by manufacturers on a large scale. In its current working state, 
laser forming would not prove to be an efficient process for large scale production. Watkins et al. 
(2001) states, “Laser forming has become a viable process for the shaping of metallic 
components, as a means of rapid prototyping and of adjusting and aligning.” A prototype is a 
single instance of a design that may lead to further production. Since the year 2001 and up to 
present-day, researchers are still studying the optimization of the laser forming process. By 
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observing the fact that extensive research is still being devoted to topics such as unwanted 
distortion, asymmetry and other undesirable deformations, it is clear that advanced technological 
methods must be used for the laser forming process to become both consistently accurate and 
consistently reliable. Implementation of the finite element method, through sophisticated 
commercial software, may prove to be the advanced technology that laser forming needs. 
 In the year 2000 some of the earliest research was presented during a study that utilized 
finite element analysis for the simulation of laser-induced bending. The author of this work, 
Thomas Hennige, developed a finite element model that calculated the temperature field induced 
by a laser onto a metal sheet as a function of time. The temperature field was then used during a 
second portion of the model that simulated the mechanical response of the system due to the 
thermally-induced stresses. However, Hennige (2000) states in his concluding remarks that the 
results obtained in analysis may “be seen as preliminary results, showing the potentials of a 
simulation of the 3D-laser forming process.” While the finite element model followed the same 
basic methodology used for laser forming analyses of present day (weakly-coupled with a 
sufficiently discretized mesh), it only examined a 20-degree portion of a circular metal blank 
subjected to a curved irradiation pattern. Additionally, the results of the analysis were not 
presented in any detail. 
  While most analyses related to laser forming have been based on the weakly coupled 
thermo-mechanical model, there have been instances of research where the strongly-coupled 
approach is used. Gollo et al. (2014) investigated various types of curved scan patterns for a two-
millimeter thick circular blank that had a diameter of either 50 or 150 millimeters. During the 
numerical analysis of the study, a mesh was discretized with “continuous three-dimensional four-
point (C3D4T) thermo-mechanical coupled elements.” For each of the scan paths considered, the 
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out-of-plane deformation was measured and compared to each other in order to establish relative 
differences in deformation and determine the optimal scan path pattern for obtaining a final 
“cap” shaped geometry. As would be expected for a strongly coupled analysis, the authors stated 
that the finite element simulations were performed only for work pieces with a diameter of 50 
millimeters due to the “time-consumption nature” of an analysis using a 150-millimeter diameter 
part.  
 When performing a strongly coupled analysis the process of solving both the thermal and 
structural analyses must be executed simultaneously. This process is shown in Figure 3.6. 
  
     
 
 
  
 
 
Figure 3.6: Strongly coupled thermo-mechanical analysis 
 
 As is evident in Figure 3.6, the strongly coupled analysis is entirely cyclical in nature and 
begins for a given time increment defined by the user (or a default value) and ends once the 
boundary conditions have been satisfied. 
 Generally speaking, the weakly coupled analysis is preferred for modeling laser-induced 
bending through finite element analysis. As research has progressed through the years the use of 
finite element models with the weakly coupled approach has become a standard for the 
Perform thermal 
analysis for given 
displacement field 
and time increment  
Output temperature 
distribution for entire 
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validation of experimental results. The process of validation through numerical analysis is a 
useful technique when investigating a new correlational quantity for a known process, for 
example. When authors Chakraborty et al. (2015) propose a relationship between Fourier number 
and laser spot diameter on induced bending angle and thickness increment, they implement the 
weakly coupled process. They do this under the assumption that the stresses and strains due to 
mechanical deformation have no effect on the temperature fields (and by extension the thermal 
processes that are occurring). In performing the finite element analysis, the authors discovered 
that the way in which the material hardening was defined (through the material model) played a 
significant role in obtaining finite element results that showed greater agreement with 
experimental measurements. Kinematic hardening was found to yield the best numerical results. 
 It is only by discovering the more sensitive inputs, as related to FE modeling, that a 
research project may potentially discover an optimized method for laser-induced bending that 
could reach the replicability standards for manufacturing. In a separate study from 2016, 
Chakraborty et al. sought to produce a symmetrical bowl shape from a circular metal blank by 
irradiating the center of the blank with a relatively large-diameter laser beam. The laser beam 
was held stationary in order to avoid the asymmetrical loading that is typical of laser-induced 
bending with the laser beam traveling along the surface of the blank. The finite element analysis 
that was performed for this study aided the researchers in understanding how the distribution of 
the laser beam intensity affected the deformation of the sheet. In this case, the finite element 
analysis was used not only for verification, but also as the facilitative method in explaining the 
results. 
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3.6 – Improving Finite Element Analysis for Laser-Induced Bending 
  
In 2004 a research article was published titled, “Finite element modeling discretization 
requirements for the laser forming process.” The authors of this article (Zhang et al. 2004) 
presented their findings under the objective of establishing the minimum requirements for 
simulating laser forming using finite element analysis. By parameterizing temporal and spatial 
mesh discretization, in addition to mesh density through the thickness of the material, the authors 
offer three conclusions in developing an accurate FEM-based model for laser forming. The first 
requirement is that for the spatial discretization of the mesh there must be at least two elements 
per radius as shown in Figure 3.7. The temporal discretization requirement is defined as at least 
four time increments per radius of the laser beam. Lastly, there should be at least three elements 
through the thickness as shown in Figure 3.8. 
           
 
            Figure 3.7: Spatial discretization requirement 
 
             
              Figure 3.8: Thickness discretization requirement. 
 
 Among some of the earlier recommendations for improving FEA as applied to the laser 
forming process was the suggestion of using “special” element types along with the possibility of 
an adaptive mesh that allowed for localized mesh refinement (Hennige, 2000). When considering 
Path of laser beam 
Two elements per radius 
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that the laser forming process is a highly bending-dominant process (for the mechanical portion 
of the model), the use of elements which are less prone to shear locking must be incorporated. As 
was discussed previously in Chapter 2 of this thesis, the use of enhanced QM6 element 
technology may achieve a higher degree of accuracy in displacement fields while minimizing the 
computational resources required for the analysis. The adaptive meshing proposed by Hennige 
(2000) is a valid method of improving mesh quality however, it comes at the great expense of 
computational resources, as it involves completely re-meshing subdomains of the initial 
discretized mesh for each time increment.  
 Research has also been performed on FEA, as related to the laser-induced bending 
process, in the area of the computational approach used during analysis. In a study that compared 
the Lagrangian and Eulerian approaches to finite element analysis, the authors (Zhang & 
Michaleris 2004) distinguish between the frames of references considered for a laser beam 
moving along a discretized mesh. In general, for the laser forming process, a Lagrangian-based 
approach uses the material being formed as the frame of reference whereas in the Eulerian 
approach, the frame of reference is the x-y-z coordinate system. After applying both approaches 
to a model where a single laser scan follows a straight path along a rectangular plate, the authors 
find that the Lagrangian approach yields more accurate data while the Eulerian approach 
generally over-predicts angular deformation. However, it is noted that for the Eulerian approach 
the computational time required was half that of the Lagrangian.   
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CHAPTER 4 – DESCRIPTION OF MODEL 
 
4.1 – General Overview 
 
 In many of the articles reviewed in Chapter 3 variables that were specific to the finite 
element analysis performed were identified as main contributing factors in obtaining accurate 
results when simulating the laser-induced bending process under certain physical configurations 
(i.e. for specific geometries and specific laser beam diameters, scan speeds, etc.). Chakraborty et 
al. (2015) found that by properly modeling the material behavior of the sheet metal via a 
kinematic hardening law, an increase in accuracy was obtained during the numerical analysis. 
Zhang et al. (2004) established criteria for mesh discretization when performing finite element 
analysis with laser forming. Both of these authors contributed to the advancement of finite 
element analysis as related to laser-induced bending. The model presented in this thesis has been 
created with the same objective in mind – to establish guidelines when creating finite element 
models for laser-induced bending under similar physical configurations and imposed boundary 
conditions. 
 Additionally, the model created for this thesis was analyzed under many varying 
configurations related to mesh discretization and element technology. Five analyses were chosen 
to be presented in this thesis due to their distinct differences from one another and the potential 
insights they might offer given those differences. However, while the finite element analyses 
were configured to be different from one another, the physics of the laser forming process they 
were simulating all remained the same. The physical process that each model configuration was 
based on will be described in detail in the following section of this chapter. In the research 
performed by Chakraborty et al. (2018) the same physical process was used for experimentation 
and many of the input variables are the same as the currently presented model. In this way, the 
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experimental data that was obtained by Chakraborty et al. (2015) was applied as a reference for 
the results obtained in this thesis. 
 It is noted that while creating each instance of the current model, particular consideration 
was given to the mesh discretization. As will be shown, both linear and higher-order elements 
were used across different analyses in addition to analyses that utilized incompatible elements, or 
QM6 elements as mentioned in Chapter 2. The first two analyses were created with four 
elements through the thickness. The third and fourth analyses utilized four elements through the 
thickness, as suggested by Zhang et al. (2004). The final analysis was performed with four 
elements through the thickness. 
 The software package that was chosen for creating the model and conducting all the 
analyses was ANSYS version 17.2. Each model was configured through the use of 
“Workbench,” an application within the ANSYS software suite. The numerical solver used for 
all analyses was Mechanical APDL. Due to the large size of certain models, their analyses were 
performed through an HPC cluster maintained by the University of Connecticut. Once the 
comprehensive result file was obtained for a given analysis using the HPC cluster, it was 
transferred back to a local workstation and opened using Mechanical APDL. As such, the results 
of the analyses are shown through the more primitive GUI (graphical user interface) of 
Mechanical APDL as opposed to Workbench, where the original input files were created. 
 
4.2 – Description of the Physical Process 
 
 As shown in Figure 4.1, a circular blank was laser formed by twelve radial scans that all 
started at the outer edge periphery of the blank and moved inwards towards the center. The top 
and bottom faces of the geometry were split into various sections in order to provide 
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“guidelines” so that specific mesh configurations could be achieved. A summary of the various 
geometrical dimensions of the blank is provided in Table 4.1. It is noted that the thickness of the 
blank was relatively thin (1 mm) as compared to metal work pieces in previously reviewed 
research articles. Considering that the diameter of the blank was 100 mm the aspect ratio of the 
overall geometry was relatively high. Most of the previously performed research concentrated on 
thicker specimens with the exception of Chakraborty et al. (2018). The blank was held in place 
by a bolt that passed through the center hole which was threaded to a nut on the opposite side. 
Washers, 24 mm in diameter, were placed between both the nut and bottom surface as well as the 
bolt head and upper surface of the blank. Due to this support condition the center portion of the 
blank was modelled as fixed.    
 The sequence of the radial scans was chosen so that an angle of thirty degrees would be 
present between each scan line and the scan line proceeding immediately after it. In comparison 
to the “optimal laser scan path pattern” provided by Tavakoli et al. (2017) and shown in Figure 
3.4, the only difference between the two configurations is with respect to the laser scan path 
length. In the conclusions discussed by Tavakoli et al. (2017) it was suggested that in order to 
achieve the optimal bowl-shaped geometry, the lengths of the laser scans should be of alternating 
lengths.  
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Figure 4.1: Laser scan pattern for modelled circular blank  
 
Dimension Value 
Diameter of blank 100 mm 
Sheet thickness 1 mm 
Diameter of center hole 6 mm 
Length of each scan line 20 mm 
Angular separation between scan lines 30 degrees 
Diameter of clamped region 24 mm 
Volume of blank 7826 mm3 
Total surface area 15,984 mm2 
Table 4.1: Geometrical properties of circular blank 
 
 During the modeled laser forming process a series of twelve transient thermal analyses 
were performed in order to obtain the final temperature profile of the metal sheet throughout all 
twelve laser scans. Once this temperature profile was obtained it was coupled to a single static 
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Series of twelve thermal analyses Mechanical analysis 
Thermal results sent to mechanical analysis 
structural analysis, resulting in a one-way coupled model. A schematic representation of this 
project “work flow” is shown in Figure 4.2. 
 
 
 
Figure 4.2: Project work flow for thermomechanical model 
 A single transient thermal analysis would have been preferred but, due to limitations in 
the ANSYS software and the utilized subroutine for moving heat flux (representing the laser), a 
single thermal analysis was not possible. This failure to create a single thermal analysis 
ultimately presented itself as a significant inconvenience to the creation of the model and, 
ultimately, decreased the efficiency of the overall modelling process. Despite this setback in 
being unable to run a single thermal analysis, the thermal analyses did produce the necessary 
loadings for the mechanical portion of the model.  
 By applying the laser beam along twelve radial scan lines the blank would be formed into 
a bowl-shaped geometry. The mechanism, or combination of mechanisms, that would be 
responsible for this bending to occur was relatively unknown at the onset of the initial analysis. 
Due to the blank sheet being relatively thin, a uniform temperature distribution was expected 
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through the thickness so that no significant temperature gradient would be formed. Under this 
condition of uniform temperature distribution with a thin sheet geometry, the buckling 
mechanism was expected to dominate. However, if the material surrounding the scan line were 
able to confine the thermal stresses and induce primarily an in-plane deformation mode, the 
process may be controlled by the upsetting method.  
 The boundary conditions applied during the transient thermal portion of the analysis were 
that of the laser-beam heat flux in addition to natural convection and radiation. Specific values 
for the input parameters associated with these boundary conditions are presented in Appendix D. 
After each laser scan was applied along its radial scan path, the blank was allowed to cool until it 
reached a temperature close to that of the ambient room temperature. The heat applied by the 
laser beam was set so that it raised the temperature of the metal almost to its melting point. Once 
the thermal portion of the analysis was complete the boundary conditions applied to the 
mechanical model were simply that of the imported loading due to temperature along with a 
fixed support at the top and bottom of the plate within the circular region defined in Figure 4.1 to 
represent the nut washer fixture previously mentioned. 
 
 4.3 – Model Input Variables and Data 
 
In creating this weakly coupled thermomechanical model, a subroutine was needed to 
apply the laser-induced thermal loading during the thermal portion of the model. By default, the 
ANSYS software did not include an option for applying a heat flux boundary condition that 
varied not only as a function of time but also as a function of spatial location. The theory behind 
this subroutine was discussed previously in Chapter 2. The subroutine was written in FORTRAN 
and was downloaded through the ANSYS customer portal website. The equation for the heat flux 
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applied by this subroutine was discussed in Chapter 2. The specific input variables used in this 
equation for the present model are given in Appendix D. 
In the form of the equation for moving heat flux given in section 2.4, the variable “C2” is 
defined as the “source power intensity.” In the research presented by Shen, et al. (2006) an 
alternative equation is given for the Gaussian heat flux. It is shown in equation (21). Given the 
form of equation (21) and the form of equation (15) presented by Srivastava (2016) the term 
“C2” was taken to represent the 
2𝐴𝑃
𝜋𝑟2
 term in equation (21). With this assumption, the absorptivity 
of the sheet metal was determined to be 0.44 as given in Appendix D.  
      𝑞(𝑥, 𝑦) =  
2𝐴𝑃
𝜋𝑟2
   ∙   𝑒
[−
2(𝑥−𝑥0)
2+2(𝑦−𝑦0)
2
𝑟2
]
 
 
 
 
 
 
 
 The material properties utilized in the model are shown in Appendix A, with each 
individual property being represented by values that are dependent on the temperature field 
within the metal sheet. Two separate bilinear isotropic hardening behaviors were available for 
the model, with each one representing a simplified version of the power series behavior as shown 
in Figure 4.3. Due to the different yield points of the material, depending on which material 
hardening model was considered, differences for bending angle were expected to be obtained 
with the 3% tangent modulus being expected to show smaller measurements in bending angle as 
compared to the 5% tangent modulus. This prediction for bending angle agrees with the study 
(21) 
Where, 
A = Absorptivity of sheet metal 
P = Laser power 
r = laser beam radius 
(x0 , y0) = coordinates of laser beam center 
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performed by Yanjin et al. (2005) and is based upon the fact that while using a material model 
with a higher tangent modulus, there will be a larger change in plastic strain for a given 
increment of plastic stress beyond that material’s point of yield. If the true behavior of the 
material hardening is represented by a power series stress-strain curve, then the bilinear curves 
represented by the 3% and 5% tangent moduli may be used as simplified approaches to the 
material modeling, as shown in Figure 4.3. 
 
Figure 4.3: Linear hardening at 3% vs. 5% plastic strain 
 
 The 3% hardening curve was implemented into the model using the bilinear isotropic 
hardening relation. It is noted how, while the curves presented in Figure 4.3 are not to scale, the 
3% tangent modulus curve is more accurate when compared to the power series curve for smaller 
values of total accumulated strain. Conversely, the 5% tangent curve is more accurate for 
accumulated strains that extend farther out along the power series curve, representing higher 
values of deformation (or plastic strain).  
Power series 
(true behavior) 
3% tangent modulus 
(red) 
5% tangent modulus (green) 
Yield 
point  
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4.4 – Experimental Results for Validation 
 
Since the physical layout of the current model, in addition to all of the imposed boundary 
conditions, was identical to the experimental layout reported by Chakraborty et al. (2018), the 
results of that experiment were used as reference values for validation for the present analyses. In 
that experiment four result items were measured for the deformed bowl-shaped geometry. The 
average bending angle and thickness increment are shown in Table 4.2 with the coefficient of 
variance (CV) for each item listed to the right of each quantity. These quantities would be used 
as “targets” for the results of the model and the accuracy of the analysis would be judged based 
on these items with the exception of the thickness increment.  
Average bending 
angle 
Coefficient of 
variance 
Average thickness 
increment 
Coefficient of 
variance 
2.34° +/- 0.3° 0.13 26 μm 0.17 
Table 4.2: Experimental measurements 
 In addition to the average bending angle and the average thickness increment, the final 
items that were reported in the experiments by Chakraborty et al. (2018) were the vertical 
displacements of the top (irradiated) and bottom (unirradiated) surfaces with respect to an 
established datum. These measurements were also calculated for the results presented in this 
thesis. The datum was established by calculating the average vertical displacement along the 
outer circumference of the final deformed geometry. The vertical displacement at the outer 
periphery of the deformed part was the primary result item that was studied for this thesis. It was 
for the vertical displacement at the un-irradiated surface that the authors (Chakraborty et al. 
2018) saw the most error between their analytical models and experimental data.  
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For the results of this thesis, eight data points along the top (irradiated) circumferential 
edge were measured and used to calculate the average vertical displacement of the deformed 
bowl-shaped geometry. With respect to this average displacement, the datum, the vertical 
displacements near each scan line were measured. Each set of data points were chosen so that the 
neighboring data points would be separated by approximately 90 degrees annular separation. See 
Figure 4.4 and Figure 4.5 for clarification. The datum line is shown in white. White arrows 
represent the individual data points (for vertical displacement) that were used to calculate the 
average vertical displacement of the entire deformed geometry. The figures are shown for an 
arbitrary analysis. A separate datum was established for each of the five analysis configurations 
utilizing this averaging technique.  
 
   
        Figure 4.4: Datum line for measuring vertical displacements (with data points) 
 
 
90° 
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       Figure 4.5: Top (irradiated) surface and bottom (unirradiated) surface 
 
The approximate scale of Figure 4.5 displays a fairly accurate representation of the 
lengths along the top and bottom surfaces for which the vertical displacements were measured 
relative to the datum. The experimental measurements which were used for validation are shown 
in Figure 4.6 and Figure 4.7. 
 
Figure 4.6: Vertical displacement at top surface relative to datum 
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Figure 4.7: Vertical displacement at bottom surface relative to datum 
 
4.5 – Description of Analyses 
 
 Each one of the presented analyses were configured so that they may improve upon the 
results obtained in the preceding analysis (with the exception of the first analysis being the 
baseline). One of the main contributing factors to obtaining accurate finite element results, for the 
laser forming process, is the selection of a proper mesh pattern. With the exception of the first 
analysis, an irregular mesh pattern was used for all analyses since it had already been established 
that the irregular mesh pattern yielded better results as compared to the uniform, or regular, mesh 
pattern (Chakraborty et al., 2018). For the purposes of this thesis, an irregular meshing pattern 
simply refers to the ostensibly random spatial configuration of the elements. Upon close inspection 
of Figure 4.9, a slight pattern can be seen.  
 
0
5
10
15
20
25
30
35
40
45
50
-6 -4 -2 0 2 4 6
V
er
ti
ca
l D
is
p
la
ce
m
en
t 
(µ
m
)
Distance from Scan Line (mm)
Vertical Displacement at Un-Irradiated Surface
Target/Experiment
49 
 
 
Figure 4.8: Regular meshing pattern 
 
Figure 4.9: Irregular meshing pattern 
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 Shown in Figure 4.10 are the element sizes at the outer circumferential edge of the metal 
sheet (4.10a) and the inner portion of the sheet where the highest degree of element density is 
seen (4.10b). When comparing the lengths of the sides of these elements it can be deduced that 
the elements were largest in size at the outer periphery (excluding the elements within the fixed 
portion of the model) and decreased in size as the mesh moved radially inwards. 
 
 
Figure 4.10: Element sizes within mesh (mm) 
 
 A summary of the mesh statistics for each analysis is provided in Table 4.3 where it is 
clearly shown that various model sizes were considered. It is worth noting how the final analysis 
was comparatively much larger than the first three analyses. By introducing higher-order 
elements in both Analysis 4 & 5, the computation time was expected to increase dramatically. 
While the number of elements for Analysis 5 remains within the same order as compared to the 
previous models (tens of thousands), the number of nodes increases by over 500% compared to 
Analysis 3. Further, when considering the increase in the number of degrees of freedom between 
the third and last analyses, Analysis 3 contained approximately 112,000 degrees of freedom 
while Analysis 5 contained over 580,000 degrees of freedom.  
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 In the remaining sections of this chapter, each analysis configuration is described in detail 
with an emphasis on what made that analysis different from the others. A table that summarizes 
each analysis with the most important characteristics of each is provided in Appendix B of this 
thesis. 
Model Mesh Configuration 
Number of 
Elements 
Number of Nodes 
Analysis 1 Regular 38,544 52,016 
Analysis 2 Irregular 36,680 46,630 
Analysis 3 Irregular 27,462 37,240 
Analysis 4 Irregular 27,486 139,146 
Analysis 5 Irregular 41,086 195,141 
Table 4.3: Summary of mesh statistics for each analysis 
 
4.5.1 – Preliminary Thermal Analysis 
 
As is typical of any weakly coupled thermo-mechanical analysis, the first analysis that 
must be performed is the thermal analysis. The mechanical deformation that occurs in the laser 
formed blank is due to thermal loadings induced by the laser and, as such, the temperature field 
must be defined a priori for the entire length of the laser forming process. As briefly mentioned 
in section 4.3 of this chapter, a subroutine for a moving heat source (Srivastava 2016) was 
downloaded from the ANSYS customer portal website. The heating and cooling of the metal 
sheet was modelled through twelve separate applications of the moving heat source. The total 
time duration for the entire thermal process was equal to 1440 seconds, with 120 seconds being 
devoted to each laser scan for both the heating and subsequent cooling of the part. The heating 
period for each pass of the laser beam was equal to 2.667 seconds and was discretized into 60 
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individual time increments, leaving 117.333 seconds for cooling (per laser pass; see Appendix F 
for cooling time verification). 
 While one of the advantages of a weakly coupled analysis is the independence between 
mesh configurations for the thermal and structural analyses, the thermal analysis performed in 
this model utilized the same mesh configuration of Analysis 5, representing the most “densely” 
configured meshing scheme. The boundary conditions listed in Appendix D for the convective 
film coefficient and the emissivity of the sheet metal surface were modeled as constants 
throughout the entire thermal analysis. This same approach was used by Shen et al. (2006). The 
temperature field results from this preliminary thermal analysis was used as a body force loading 
across for the mechanical analysis. The thermal analysis was not parameterized in any way. 
4.5.2 – Mechanical Analysis 1 
 
Analysis 1 was the only analysis that utilized the regular meshing pattern. The regular 
pattern was used in this analysis to establish the differences in result accuracy as compared to 
using the irregular mesh, which would be used for all other analyses. Additionally, Analysis 1 
would serve as a benchmark to compare result data with the results published by the preceding 
authors (Chakraborty et al. 2018) who performed a finite element analysis using the same 
analysis configuration. The mesh was discretized into four layers through the thickness of the 
part so that the thickness of each element was equal to 0.25 mm. The mesh consisted entirely of 
8-noded hexahedral elements, known as “SOLID185” within ANSYS (Mechanical APDL 
Theory Reference 2016). The computational demand of this analysis was expected to be 
somewhat less than that of the other analyses due to the use of reduced integration. The 
computation time required under reduced integration is generally significantly less than that 
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required under full integration. Reduced integration may be an effective way to enhance model 
efficiency, however, great care must be taken to ensure accurate results. Analysis 1 served as a 
benchmark in this respect.  
4.5.3 – Mechanical Analysis 2 
 
In Analysis 2 the mesh was changed to the irregular configuration as shown in Figure 4.9. 
The number of elements used through the thickness of the part remained at four elements, 
resulting in a small decrease in the total number of elements for the model. The mesh was 
composed entirely of the 8-noded hexahedral as it was in Analysis 1. However, in Analysis 2, the 
“enhanced strain formulation” element technology was applied to each element in the model. 
Under this formulation, internal degrees of freedom are introduced into each element much in the 
same way that the QM6 element introduces extra degrees of freedom that are not actually 
represented by physical nodes. The enhanced strain formulation was specifically designed by 
ANSYS to help prevent shear and volumetric locking in bending dominated problems. This 
element technology comes at the cost of a significant increase in computational demand. By 
evaluating the accuracy of the results in Analysis 2, and considering the overall computational 
time, further steps could be taken to increase the efficiency of the model for additional analyses. 
4.5.4 – Mechanical Analysis 3 
 
After reviewing the results of Analysis 2, it was then determined that a more simplified 
approach to the enhanced strain formulation would be used. If a simplified approach could yield 
results with the same level of accuracy as in Analysis 2, then that method of analysis should be 
recognized due to its increased efficiency. Whenever performing finite element analysis the most 
optimal solution process is the one that results in accurate data (relative to an established margin 
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of error) while using the least of amount of computational resources. Analysis 3 was performed 
to investigate whether or not the results obtained in Analysis 2 could be captured at an increased 
level of model efficiency. As indicated by Table 4.3, the mesh used in Analysis 3 was reduced in 
size with respect to the number of elements by reverting back to using three elements through the 
thickness. Additionally, the utilized element technology was changed. 
The simplified approach for the enhanced strain formulation was achieved by invoking a 
command line argument during the preprocessor of the model. The only difference between the 
fully enhanced formulation and this simplified version is that the simplified version introduces 
only the internal degrees of freedom that prevent shear locking and does not consider volumetric 
locking. This effect would be useful for a problem that can be assumed to be in a state of planar 
stress. The blank that is formed in this model is a good candidate for this condition since its 
thickness is much smaller than its other dimensions and this would facilitate out-of-plane 
bending. The analysis was expected to see improved efficiency while retaining accurate results. 
 
4.5.5 – Mechanical Analysis 4 
 
The goal of Analysis 4 was to improve the accuracy of the model beyond what could be 
obtained in the preceding analyses. This was done by introducing higher order elements to the 
model. While this configuration would undoubtedly require more computational resources, a 
higher degree of accuracy in the results was the primary goal and purpose of this analysis. 
Accordingly, the mesh was composed entirely of hexahedral elements with 20 nodes per 
element. The same irregular meshing pattern was used as in the previous two analyses and the 
number of elements through the thickness was maintained at three. In ANSYS the 20-node 
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structural solid is designated as “SOLID186” and by using this element type, the model size 
increased by a factor of approximately 2.75. Reduced integration was implemented in Analysis 4 
to observe how the model would perform and these findings were then later compared with the 
results of Analysis 5. 
4.5.6 – Mechanical Analysis 5 
 
Analysis 5 was created so that the accuracy of the model could be maximized with 
relatively little concern for the computational demand imposed during the solve process. By 
obtaining the results of this analysis, while having used the most rigorous of standards in creating 
the model, a final set of results could be presented with a high degree of confidence in its ability 
to present the most accurate finite element model representation of the given laser forming 
process using the available software. 
While the mesh pattern configuration did not change for this analysis configuration, the 
through element thickness was increased to four elements, adding an additional layer to the finite 
element model. A sectional view of the blank metal sheet is shown in Figure 4.11 with a portion 
of the plate magnified for viewing the four elements through the thickness. 
 
Figure 4.11: Sectional cut of the pre-formed geometry 
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 The decision on whether to use three or four elements through the thickness of the mesh 
was made based primarily on the results of the preceding analyses. In the case of Analysis 5, it 
was observed that no analysis had used four elements through the thickness for analyzing a mesh 
made from the 20-node hexahedral. A further topic when considering the number of elements 
through the thickness is saved for the discussion of the results presented in Chapter 6. The 
applied element technology for this final analysis was selected to be the fully enhanced strain 
formulation.  
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CHAPTER 5 – RESULTS OF THE NUMERICAL ANALYSES 
 
5.1 – Description of Result Items 
 
As has been discussed in the numerous research articles on laser-induced bending 
processes for thin metal sheets, the most commonly reported results are related the final 
deformed bending angle about the laser scan path. This angle was defined in Figure 3.5 of 
Chapter 3 as the primary out-of-plane bending angle and is shown in the context of the current 
analyses in Figure 5.1.  
 
Figure 5.1: Typical bending angle of deformed sheet 
 In addition to the primary bending angle formed, the vertical displacement of the sheet 
metal was measured for each analysis along the outer periphery at the top and bottom surfaces of 
the deformed part. For each analysis, two figures are presented which compare these 
ϴ 
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displacements against the experimentally obtained values reported by Chakraborty et al. (2018). 
All of the vertical displacements are shown in a single figure for the top and bottom surface in 
Appendix C. Across all five analysis configurations the vertical displacements along the outer 
circumference showed an asymmetrical pattern as displayed in Figure 5.2  
Prior to the results of the static mechanical analyses, the results of the thermal analysis 
are presented with brief explanations of the temperature distribution and any implications, in 
terms of the dominant mechanism, thereof.  
 
Figure 5.2: Vertical displacement along circumference 
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5.2 – Thermal Analysis 
 
The progression of the temperature distribution within the circular blank is shown in the 
following series of figures. The first figure displays the application of the first laser beam 
approximately one second into the scan. The time and corresponding scan number is listed below 
each figure. 
 
Figure 5.3: Scan line 1; Time = 1.02 seconds 
 
 
Figure 5.4: Scan line 1; Time = 2.667 seconds 
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Figure 5.5: Temperature distribution; Time = 120 seconds 
 
 
Figure 5.6: Scan line 2; Time = 122.667 seconds 
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Figure 5.7: Temperature distribution; Time = 1320 seconds 
 
 
Figure 5.8: Temperature distribution: Time = 1440 seconds 
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Laser beam 
(super-imposed 
over figure) 
Temperature 
gradient through 
thickness 
 The various mechanisms through which laser forming occurs were discussed previously 
in Chapter 3 of this thesis. By observing the temperature distribution through the thickness of the 
sheet metal for a given cross section, the temperature gradient method (TGM) is shown to be 
dominant. This temperature distribution is shown in            Figure 5.9 where a perpendicular 
cross-sectional view has been made during the laser scanning process. 
 
           Figure 5.9: Temperature distribution; Time = 1.02 seconds 
 
Figure 5.10: Temperature distribution; Time = 2.00 seconds 
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 It is noted how the temperature quickly dissipates from approximately 1600 Kelvin 
(~1330 °C) down to approximately 875 Kelvin (~600 °C) in a time span of only one second. This 
is displayed in Figure 5.9 and Figure 5.10 where the same cross-sectional view is displayed for 
the first laser scan. As is discussed by Watkins et al. (2001), and as is seen in the results, the 
characteristic feature observed during the TGM dominated process is the steep temperature 
gradient through the thickness of the sheet metal. With the same type of steep gradient presenting 
itself in the results of the thermal analysis, TGM is shown to be the dominant mechanism for the 
present model and qualitatively explains the bending behavior of the deformed part.    
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5.3 – Mechanical Analyses 
 
The static structural analyses were performed under the mesh configurations as specified 
in Table 4.3 and under the analysis configurations as shown in Appendix B. The primary out-of-
plane bending angle was calculated as the average bending angle about scan lines 1, 6, 8 and 10 
which are shown again in Figure 5.11. 
            
Figure 5.11: Laser scan line locations 
 
The overall vertical displacements, measured at the outer circumferential edge of the top 
and bottom surfaces for scan location 1, are displayed in Figure 5.12 through Figure 5.21. A 
summary of the bending angles for each analysis is given in Table 5.1. The coefficient of 
variance is given which quantifies the degree to which the results for bending angle varied 
depending upon which scan line the measurement was taken. 
Analysis Bending Angle Coefficient of Variance 
1 0.58° 0.034 
2 1.03° 0.026 
3 1.64° 0.032 
4 1.88° 0.036 
5 0.31° 0.085 
Table 5.1: Calculated bending angles 
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Figure 5.12: Vertical displacement at top surface (Analysis 1) 
 
 
Figure 5.13: Vertical displacement at bottom surface (Analysis 1) 
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Figure 5.14: Vertical displacement at top surface (Analysis 2) 
 
 
Figure 5.15: Vertical displacement at bottom surface (Analysis 2) 
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Figure 5.16: Vertical displacement at top surface (Analysis 3) 
 
 
Figure 5.17: Vertical displacement at bottom surface (Analysis 3) 
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Figure 5.18: Vertical displacement at top surface (Analysis 4) 
 
 
Figure 5.19: Vertical displacement at bottom surface (Analysis 4) 
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Figure 5.20: Vertical displacement at top surface (Analysis 5) 
 
 
Figure 5.21: Vertical displacement at bottom surface (Analysis 5) 
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 Due to the fact that Analysis 3 yielded the most accurate results at scan location 1, an 
additional plot is shown in Figure 5.22 and Figure 5.23 which display the average vertical 
displacement trend for Analysis 3 across scan locations 1, 6, 10 and 12. 
 
Figure 5.22: Average displacements – top surface (Analysis 3) 
 
 
Figure 5.23: Average displacements – bottom surface (Analysis 3) 
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 The vertical displacements occurring along the radial directions of scan lines 1, 6, 8 and 
10 were also recorded and then plotted in an effort to further document the asymmetrical nature 
of the laser deformation. 
 
Figure 5.24: Vertical displacement in radial direction (Scan 1) 
 
 
Figure 5.25: Vertical displacement in radial direction (Scan 6) 
 
0
200
400
600
800
1000
1200
1400
1600
1800
2000
20 25 30 35 40 45 50
V
er
ti
ca
l D
is
p
la
ce
m
en
t 
(µ
m
)
Distance from Center (mm)
Vertical Displacement Along Scan Line 1 
Irradiated Surface
Un-Irradiated Surface
0
200
400
600
800
1000
1200
1400
1600
1800
2000
20 25 30 35 40 45 50
V
er
ti
ca
l D
is
p
la
ce
m
en
t 
(µ
m
)
Distance from Center (mm)
Vertical Displacement Along Scan Line 6 
Irradiated Surface
Un-Irradiated Surface
72 
 
 
Figure 5.26: Vertical displacement in radial direction (Scan 8) 
 
 
Figure 5.27: Vertical displacement in radial direction (Scan 10) 
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 The resulting plastic strain developed during the laser forming process provides valuable 
insight to the effects of the laser and, more specifically, which areas around the scan paths were 
experiencing the most plastic deformation. The plastic strain contour plots are provided for each 
analysis, in addition to the Von Mises stress plots, in Figure 5.28 through Figure 5.37. 
 
Figure 5.28: Equivalent plastic strains (Analysis 1) 
 
Figure 5.29: Von Mises stress (Analysis 1) 
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Figure 5.30: Equivalent plastic strains (Analysis 2) 
 
Figure 5.31: Von Mises stress (Analysis 2) 
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Figure 5.32: Equivalent plastic strains (Analysis 3) 
 
Figure 5.33: Von Mises stress (Analysis 3) 
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Figure 5.34: Equivalent plastic strains (Analysis 4) 
 
Figure 5.35: Von Mises stress (Analysis 4) 
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Figure 5.36: Equivalent plastic strain (Analysis 5) 
 
Figure 5.37: Von Mises stress (Analysis 5) 
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Bending in 
positive z-
direction 
towards 
laser beam 
CHAPTER 6 – DISCUSSION OF RESULTS 
 
6.1 – Initial Observations 
 
The temperature gradient mechanism was the dominant forming mechanism as was 
shown in Figure 5.9 of the results. The primary characteristics of the temperature gradient 
mechanism have previously been described in section 3.2 of the literature review and include 
phenomena such as the initial bending of the metal in the direction away from the laser beam. 
For the present results, this bending in the same direction as the laser is shown in Figure 6.1, 
which was taken from Analysis 3.  
                                 
      Figure 6.1: Initial bending due to TGM (50x scaled) 
 The importance of identifying the dominant mechanism is vital to understanding the 
overall laser-forming process. With the presence of the steep temperature gradient (as a result of 
the dominant TGM) through the thickness of the part, the qualitative bending behavior, and its 
effects on the quantitative bending angle, may be established. For the present analysis, the 
resulting behavior ultimately facilitated the out-of-plane bending upwards in the positive z-
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direction. When considering the requirements of the work piece and forming process 
configuration as related to TGM being present, various process parameters must be met. For the 
analyses that were conducted in this thesis, the thickness of the part was relatively thin and, in 
order to achieve the steep temperature gradient, the laser scan speed (or “feed” rate) had to be 
relatively fast. The requirement for an increase in the speed of the laser beam has been discussed 
by Edwardson et al. (2010). In Figure 6.2 the progression of the thermal gradient is shown for a 
cross-sectional view corresponding to the first laser scan path. When observing the results, it is 
clear that the temperature at the top surface is much hotter (approximately 550°C) than that of 
the bottom surface. By the time the analysis reaches 1.5 seconds the gradient (through the 
thickness) is gone as the laser has moved forward and the temperature becomes uniform for that 
section of the metal sheet. 
                     
(a) time = 0.889 s                                                 (b)  time = 1.0223 s              
                      
                   (c)  time = 1.1557 s                                          (d)  time = 1.5557 s  
     Figure 6.2: Progression of thermal gradient 
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 For the current sets of results corresponding to the mechanical portion of the forming 
process, it is important to recognize that no significant change in the thickness increment was 
recorded. Changes in the thickness of the part, as a result of the thermal loadings, would 
normally indicate the presence of the upsetting mechanism (UM). In the work of Chakraborty et 
al. (2018) the experiment, which was carried out under the same process conditions as the 
present analysis, the authors describe the measurement of a thickness increment (measured at the 
scan tracks) of a magnitude approximately equal to 26 micrometers. It would be reasonable to 
assume that because of this increase in thickness, a coupled mechanism was present during their 
laser forming process. The fact that the currently presented work does not detect a significant 
thickness increment may suggest that no coupling mechanism was simulated and that, instead, 
only the temperature gradient mechanism was able to be modeled, possibly affecting the 
accuracy of the results. 
 With consideration to the mechanical portion of the modeling process, many differences 
were observed across the various analysis configurations. Overall, when the bending angle is 
considered, Analysis 4 yielded the most accurate bending angle when measured and averaged for 
scan lines 1, 6, 8 and 10. The experimentally measured data reported an average bending angle 
of 2.34° +/- 0.3° while Analysis 4 reported an angle of 1.88° with a coefficient of variation equal 
to 0.036. When compared to the coefficient of variation based on experimental data (equal to 
0.13), Analysis 4 does not report as much variation in the measured quantity. From a qualitative 
point of view, the error that is observed in bending angle across all of the mechanical analyses 
indicate an under-prediction of the bending that is occurring for the laser forming process. This 
agrees with the results obtained by Chakraborty et al. (2018) who observed modeled bending 
angles that under-predicted the degree of bending in the deformed part.   
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Analysis 3 (utilizing a simplified enhanced formulation) reported a bending angle of 
1.64° (CV equal to 0.032) however, showed the most accurate results for vertical displacements. 
 
Figure 6.3: Average vertical displacement at irradiated surface 
 
Figure 6.4: Average vertical displacement at un-irradiated surface 
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Analyses 3 yielded the most accurate results for the purposes of this thesis. Analysis 4 
(using higher order elements with a reduced integration scheme) reported the most accurate 
bending angle while Analysis 3 (using lower order elements with a simplified enhanced 
formulation) reported the most accurate displacement contour profiles for the top and bottom 
surfaces of the blank. The major discrepancy between the results of the two analyses was in the 
displacement contour plot at the top (irradiated) surface of the blank. As shown in Figure 6.5, the 
overall displacement curve for Analysis 4 (using higher order elements) tended to overestimate 
the full extent to which the sheet deformation would occur as the distance from the scan line 
increased and exhibited an inflection in curvature for the displacement curve. 
 
Figure 6.5: Analysis 3 vs. Analysis 4 
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6.2 – Element Technology 
 
The “enhanced strain” formulation technique utilized by ANSYS Mechanical APDL 
incorporates a number of internal degrees of freedom into the finite element as a means of 
preventing unwanted shear and/or volumetric locking. The method was initially developed and 
primarily intended for use with first-order linear elements that were susceptible to stress 
stiffening and the associated hour-glassing phenomenon. Across all analyses currently presented, 
the problems associated with hour-glassing and stress stiffening are believed to have been 
avoided with the exception of Analysis 1. Typically, with higher-order elements the accuracy of 
the solution is expected to increase at the expense of the computational time required to run the 
analysis. The superior accuracy observed in Analysis 3 is attributed to the simplified enhanced 
element formulation which is directly analogous to the QM6 element type discussed in Chapter 
2. The fully enhanced formulation used in Analysis 5 included an internal degree of freedom 
associated with preventing volumetric locking which was the only difference between Analysis 3 
and 5 (with the exception of linear versus nonlinear elements). Since Analysis 2 utilized a fully 
enhanced formulation and also performed less accurately than the simplified enhanced analysis 
(Analysis 3), the less accurate results seen in Analysis 5 are attributed to the internal volumetric 
degree of freedom present during a fully enhanced formulation.    
 The main contributing work of this thesis is held within the implementation and 
discussion of the enhanced strain formulation technique that is used within ANSYS finite 
element modeling. This method builds upon the theory and practicality of the more commonly 
known “incompatible” element technology as previously discussed. The incompatible mode of 
deformation allows the element to potentially achieve the necessary degree of bending, for result 
accuracy, especially in bending-dominated problems, by introducing two internal degrees of 
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freedom for the case of a two-dimensional four-sided element. ANSYS Mechanical APDL has 
extended this method to three dimensions (for the SOLID185 element type) through the addition 
of an internal volumetric degree of freedom on top of the already present internal bending 
degrees of freedom (“Enhanced Strain Formulations” 2015).  
The additional “artificial” degrees of freedom are introduced during the solution portion 
of the finite element modeling process but are “filtered out” once the solution process has 
finished. For the case of the fully enhanced formulation technique (Analyses 2 & 5), a larger 
number of internal degrees of freedom (exact number not specified in ANSYS documentation) 
are implemented into the model as compared to the simplified enhanced formulation technique 
used in Analysis 3. The analytical modeling performed during the present analyses serve as a 
useful benchmark comparison for the performance of a finite element-based manufacturing 
model especially when utilizing enhanced incompatible element formulations. 
 When using finite element analysis software, it is critical that the user understands the 
software’s methods for choosing various element types and mesh configurations. This process 
may vary depending on the software package used. The modeling process may be presented with 
or without the option to make changes to the default settings related to element formulation or 
analysis configuration. In the case of the present analyses, both the “reduced integration” and 
“simplified enhanced integration” (Analysis 1 & 3) options had to be manually specified through 
command line objects inserted just prior to running the solver. The “enhanced strain 
formulation” was typically set as default for analyses that otherwise did not manually specify an 
element integration method.  
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Gauss (Barlow) point Gauss (Barlow) point 
6.3 – Reduced Integration and Material Gradation 
 
 Reduced integration was used for both Analyses 1 and 4. During the laser forming 
process that is dominated by the temperature gradient mechanism, a steep thermal gradient exists 
through the thickness of the blank. When heated to a high enough temperature the behavior of 
the blank material begins to change significantly as compared to lower temperatures. Due to the 
critical temperature dependence of material properties on the behavior of the blank material, 
graded finite elements become a very important aspect of finite element technology that must be 
integrated into models.  
 
Figure 6.6: Finite element defined within steep temperature gradient region 
In cases such as that shown in Figure 6.6, a steep gradient exists through the domain of 
the element where material is known to behave differently depending on the localized 
temperature of the region, for example. The elastic response of a material may be defined as a 
function of spatial position as shown in equation (22). Ongoing research investigates the various 
effects of using graded elements on material properties such as Young’s modulus (Rokaya & 
Kim 2019).  
𝐸(𝑥) = 𝐸1𝑒
𝛽𝑥  (22) 
In equation (22) the variable β represents the influence of the differing values for one 
material property across the domain space of the element. Depending upon how drastic the 
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differences are from one side an element to the other, for example, the function defining Young’s 
modulus may have more (or less) of an effect. By using equation (22) to model the effects of 
gradation within elements, the finite elements are referred to as functionally graded elements. 
During reduced integration, a single Gauss point is used within an element which allows 
for less computational time during evaluation. This is advantageous when material properties are 
uniform throughout the part (or element) but intrinsically leads to significant error when a steep 
gradient exists through the element (as shown in Figure 6.6). When using one Gauss point under 
reduced integration the behavior of the entire element is determined by the material properties 
evaluated at the location of the single Gauss point. For an element that is actually subjected to a 
large temperature gradient, for example, the behavior may be significantly inaccurate as a result 
of the reduced integration method. For elements that exist within fields of large gradients 
numerous Gauss points must be used to capture the most accurate representation of the material 
behavior. Or, alternatively, graded elements must be used to interpolate material properties 
between Gauss points and adjacent elements. 
Material properties may also be defined by using the shape functions of an element 
(Dhital et al. 2018). Knowing that stresses and strains are typically evaluated at the Gauss points 
of an element, shape functions may be used to facilitate the determination of interpolation factors 
between the nodes of an element. The functionally graded definition provided in equation (23) 
may instead be written in terms of shape functions. In equation (23) a material property is 
defined as a type of “weighted average” across the spatial element domain. The value of a 
material property is taken at nodal locations and then mapped back towards the location of the 
Gauss points and a new value for that material property is used during integration.  
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E = ∑ NiEi,
m
i=1
               ν = ∑ Niνi
m
i=1
                    (23) 
During Analysis 1 (reduced integration) four elements were used through the thickness of 
the mesh while in Analysis 4 (reduced integration) three elements were used through the 
thickness. Analysis 4 did utilize higher-order elements which allowed for more accurate results 
as compared with Analysis 1, however, both analyses did suffer from improper material 
response. Upon comparison of the vertical displacement profiles of these two analyses, it is 
observed how the displacement patterns change as the laser beam moves inward towards the 
center of the plate. For Analysis 1 it is noted how the elements appear to stiffen and lock. This 
locking may be attributable to the hour-glassing phenomenon as typically seen with lower order 
elements. 
When observing the displacement profile for Analysis 1 (shown in Figure 5.12 and 
Figure 5.13) it is clear that the modeling configuration used for that analysis was not optimal. 
The displacements at both the top and bottom surfaces of the plate significantly under-estimate 
the magnitude of deformation that has occurred when compared with experimental data. The 
displacement curves for Analysis 4 (Figure 5.18 and Figure 5.19) show improvement in the 
magnitude of displacement at the top and bottom surfaces of the plate but, the overall 
displacement profile (shape of the curve) differs greatly from that seen by experimental 
measurements. Both analyses failed to accurately duplicate the displacement profiles of the laser 
formed sheet to a satisfactory level. 
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Location shown 
in Figure 6.7 & 
Figure 6.8 
                                                                                    
   
Figure 6.7: Vector sum displacements (Analysis 1) 
       
Figure 6.8: Vector sum displacements (Analysis 4)  
 Considerations should be made to the reason(s) why Analysis 5 failed to more accurately 
capture the vertical displacement profile at the bottom of the sheet. With this in mind, it may be 
important to consider that certain portions of the metal blank that had already been scanned with 
the laser were more susceptible to further deformation due to ensuing laser scans along pathways 
that were immediately proximal. In Figure 6.9 the displacement profiles are shown for regions of 
the blank pertaining to the first laser scan (scan 1) and the last laser scan (scan 12). The location 
of scan line 12 is directly next to scan line 1 with 30 degrees of angular separation. No other scan 
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Scan Line 1 Scan Line 12 
occurred between these two locations and scan line 12 was the last scan to occur on the work 
piece with deforming effects. It is worth noting that, due to this deformation pattern, the bending 
angle that was measured at scan location 1 may have been significantly influenced by the 
displacements that were occurring at scan location 12. 
 
 
  
  
    
Figure 6.9: Displacement at scan lines 1 & 12 
When taken as a whole, the significance of the results suggest that when modeling certain 
thermomechanical bending processes, element technology may play a more important role in 
determining not only the computational efficiency of the model, but also the improved accuracy 
of the results when compared to models using higher order elements. As was shown in Analysis 
3, the use of lower order elements with a simplified enhanced strain formulation produced 
vertical displacements at both the top (irradiated) and bottom (un-irradiated) surfaces of the 
workpiece that captured the true shape of the deformed part with greater accuracy. The 
magnitude of vertical displacement may have been similar across different analyses at specific 
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locations (such as the location along the circumference where the laser beam came into contact 
with the blank) but the overall profile of the deformed shape was more accurate under the 8-node 
hexahedral element type with a simplified enhanced formulation. 
 
6.4 – Mesh Sensitivities 
 
As was shown by Zhang & Michaleris (2004), the finite element discretization 
requirements may be much more stringent along the path where the laser beam is being applied. 
While the general requirements for the mesh generation in the presented models were followed 
in accordance with the research performed by Zhang et al. (2004) (shown in Figure 3.7 and 
Figure 3.8), the “irregular” meshing pattern used in the models could have negatively affected 
the application of the thermal heat flux during the “moving heat source” subroutine. When 
applying the thermal heat flux to the metal sheet, the predetermined scan path was selected. 
Along the scan path number of finite elements existed as shown in Figure 6.10. Any “face” of an 
element along the scan path was activated at the appropriate time step (as outlined in Appendix 
E) for the ensuing application of the laser. It should be noted that, as a result of the “irregular” 
meshing pattern, particular element faces may have over-estimated the required area for laser 
beam application through heat flux.  
 
Figure 6.10: Predefined laser scan path (not to scale) 
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6.5 – Possible Sources of Error  
 
According to authors Nelson & Wang, sources of error during a finite element analysis 
may be broken down into user-related errors and software-related errors as shown in Table 6.1.  
Model phase User-related Software-related 
Preprocessing 
▪ Wrong element type 
▪ Wrong element coupling 
▪ Wrong idealization 
▪ Bad element formulation 
▪ Bad meshing algorithm 
▪ No warnings and errors 
Solution 
▪ Wrong calculation discipline 
▪ Wrong boundary conditions 
▪ Wrong convergence criteria 
▪ Wrong calculation algorithm 
▪ Inaccurate equilibrium 
iteration 
▪ No warnings and errors 
Post-processing 
▪ Wrong result coordinate system 
▪ Wrong selection of components 
▪ Wrong interpolation of results 
▪ Wrong results averaging 
▪ Wrong displaying of results 
▪ No warnings and errors 
Table 6.1: Possible sources of error (Nelson & Wang) 
 While these particular sources of error may not be fully exhaustive when it comes to 
accounting for errors in performing a finite element analysis, it serves as a framework to evaluate 
the possibility of errors occurring during major steps of the analysis. When considering the 
results presented in Chapter 5, the thermal analysis portion of the model held a significant 
amount of “weight,” or influence, on the models that were created based on it. Since the thermal 
analysis presented in Chapter 5 was the only thermal analysis performed during this thesis, any 
error present in that thermal portion of the model would have an effect on the individual 
proceeding static mechanical analyses.  
 Considering the “solution” phase of modeling, as indicated in Table 6.1, the proper 
application of boundary conditions may be one of the most error-prone sources during modeling; 
certain boundary conditions, or loadings, are not always easily defined. The laser forming 
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process, as it naturally occurs, may involve numerous forming mechanisms as was discussed by 
Shi et al. (2005), and inherently involves the transfer of energy as a function of both time and 
space. The subroutine that was implemented during the thermal portion of the presented model 
was made available by ANSYS and was not designed specifically to deal with the type of 
thermal loading seen during laser-induced bending. As a result, certain aspects of the subroutine 
may fail to completely capture all of the necessary thermal loading data as would be optimally 
desired for performing a one-way coupled thermomechanical analysis for laser induced-bending.   
 During the preprocessing phase of finite element analysis, the mesh is created and then is 
used throughout the entirety of the solution phase (unless adaptive meshing is present) for the 
model. If the mesh is of poor quality, the solution and post-processing phases will not be able to 
yield high quality results due to the limitations imposed by the poor quality of the mesh. While 
every effort was made to create a high-quality mesh in accordance with the guidelines of Zhang 
et al. (2004), a small portion of the mesh was reported as being relatively skewed. In Figure 6.11, 
a graph is shown which indicates the relative skewness factor for the mesh used in Analysis 5. 
An “element skewness factor” that is close to zero indicates a very low degree of skewness for 
the element in its undeformed state. The area of the graph that has been boxed in red indicates 
the presence of elements that are in the range of being slightly skewed (around a factor of 0.38) 
to significantly skewed (anything around a factor of 1.0). The corresponding locations of these 
relatively skewed elements are shown in Figure 6.12 in addition to the locations of the higher 
quality elements.  
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Higher Quality Elements Skewed Elements 
 
Figure 6.11: Element Skewness Factor 
 
     
Figure 6.12: Locations of skewed vs. non-skewed elements 
 It is important to understand that the mesh metrics shown in Figure 6.11 and Figure 6.12 
correspond to the undeformed state of the metal work piece and do not provide any indication of 
element skewness once the workpiece has been deformed or is actively in the process of being 
deformed. During the laser forming process the material being subjected to the laser scan is 
undergoing a significant amount of thermal expansion/contraction. The possible “distortions” 
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that may be occurring as the laser moves over an element should be considered as a possible 
source of error for the presented model(s).  
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CHAPTER 7 – CONCLUDING REMARKS & RECOMMENDATIONS 
 
7.1 – Improving Finite Element Models for Manufacturing Simulations 
 
When performing any finite element analysis, it is vitally important to understand the 
balance between model efficiency and the accuracy of results. Mass-scale manufacturing 
requires manufacturing processes that are both reliable and easy to change when needed. Finite 
element analysis is a very powerful field of study for manufacturing due to its ability to simulate 
not only prototypes but also the processes that create those prototypes. With this in mind, the 
currently presented models have sought to improve the solution accuracy for a laser-induced 
bending process. The individual analyses configurations have been parameterized so that a study 
into the types of elements used, and the element technology applied to those elements, could be 
compared. After performing all of the relevant analyses, the analysis that showed the most 
accurate results for the average bending angle corresponded to a higher-order element (20-node 
brick) with reduced integration element formulation. Interestingly, however, the analysis that 
showed the most accurate results pertaining to the total vertical displacement profile around the 
circumference of the blank corresponded to a lower-order element (8-node brick) with a 
simplified enhanced element formulation. 
While the element technology portion of the modeling process was a primary variable for 
this thesis, there are other relevant considerations which have potentially contributed knowledge 
to the improvement of finite element models for manufacturing purposes. By approaching the 
thermal analysis portion of the model as one-way coupled, the pre-solution processing work that 
was required for the mechanical analysis to take place was tedious and required more 
computational resources for long term memory storage. If the simulation involved in a 
manufacturing process requires a sequence of thermal analyses, as was performed in this thesis, 
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Zone to be 
re-meshed 
then considerations should be made to how the construction of that model will facilitate the 
allocation of computational resources. In the currently presented model, a significant amount of 
time was spent transferring data from each of the twelve individual thermal analyses, spanning a 
simulation time period of 24 minutes, to the static mechanical analysis. Improvements related to 
manufacturing simulations that span relatively longer periods of time will need to consider this 
potential set-back to modeling efficiency. 
7.2 – Alternative Methods 
 
As mentioned in the preceding section, adaptive re-meshing is a topic within finite 
element analysis that could drastically improve the results seen in the laser forming process 
model. The primary goal of adaptive re-meshing is to improve model accuracy by revising a 
mesh once it has progressed through a solution process a specified number of iterations (Cook, 
Malkus, Plesha, & Witt 2002). The method is computationally expensive as it involves stopping 
an analysis and then completely re-meshing a specified region of the mesh. Any region within 
that specified area, for a one-way coupled thermomechanical analysis, would then have to have 
thermal loadings re-defined onto the newly refined mesh. In Figure 7.1 an area of the workpiece 
is displayed which shows (boxed in red) the region of the blank pertaining to the scan path of the 
laser. 
  
Figure 7.1: Adaptive re-meshing zone 
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 If adaptive re-meshing were to be utilized by another analysis, the region boxed in red 
would be one of twelve regions of the mesh (pertaining to each scan line) selected for re-
meshing. As can be seen in the scaled contour plot of Figure 7.1, the elements within this region 
of the mesh experience a significant change in geometry during the laser forming process. The 
elements may have a significant amount of distortion occurring. 
 An additional method that may be considered for the case of laser-induced bending is the 
incorporation of functionally graded elements. During the heating process of the simulation the 
laser induces a temperature gradient through the thickness of the part. Functionally graded 
elements may be useful, in the laser forming application, when the temperature distribution is 
known prior to commencing the mechanical structural analysis. Prior research has found that, 
when used properly, incompatible graded finite elements have yield accurate results when 
loadings are been applied in the same direction as the gradation present in the material property 
(Rokaya & Kim 2019). If a laser-induced bending model were created with elements that had 
varying material properties through the thickness, in accordance with the expected thermal 
distribution, a single static structural analysis could possibly be performed. It is known that for 
the laser-induced bending process to occur the material must be heated to a temperature just 
below that of the melting point of the material. In this way, the temperature profile could be 
known a priori. 
7.3 – Suggestions for Future Work 
 
In section 7.2 both adaptive re-meshing and functionally graded elements were 
introduced as possible alternative methods for re-creating the model presented in this thesis. If 
the research performed in this thesis were to be expanded upon one suggestion for that research 
includes the creation of a user subroutine specifically designed to be implemented into one single 
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transient thermal analysis for laser forming (as opposed to twelve single sequential analyses). By 
having to work within the limitations of the “moving heat source” subroutine, supplied by 
ANSYS, certain temperature data points may have been “missed.” Additionally, by using a 
subroutine specifically designed for laser forming, it would be known that all of the desired input 
variables were incorporated into the analysis exactly as intended. When the creator of the model 
is also the author of the subroutine many possibilities for error, or misunderstanding, are 
avoided.  
Further, while still considering the thermal portion of the model, future research may 
benefit from a fully-coupled approach as opposed to the one-way coupling that was present in 
this thesis. Due to the laser forming process occurring over a time period of 24 minutes, this 
translated into the model as a significant demand on memory (due to the one-way coupling). It 
would interesting, and perhaps beneficial, to observe what effects the mechanical deformation of 
the workpiece has on the temperature distribution through the thickness. If any changes were to 
be observed, particularly with respect to the through-thickness thermal gradient, the dominant 
forming mechanism may be altered.  
Microstructural phase transformation kinetics were not considered in the currently 
presented model, but this phenomenon is known to occur in materials subject to rapid heating 
and cooling. According to previous research on the process of quench hardening in relation to 
geometrical distortion, authors Li et al. (2017) describe the modeling of phase transformation by 
using a volume-based percentage to represent the approximate quantity of a microstructural 
phase present during a heat or cooling process within a finite element. The incorporation of 
microstructural kinetics should be considered in future work that seeks to accurately simulate the 
process of laser-induced bending. Due to the relatively high temperatures that exist on the 
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surface of the blank immediately within the scan path, changes in the microstructure of the 
surface should be assumed to be present. The extent of the effects due to this process, however, 
is unknown. With a metal part that is as relatively thin as the circular blank presented during this 
thesis (one millimeter) the process may be very sensitive to the microstructural changes 
occurring on the surface of the metal. Future research should investigate this possibility. 
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APPENDICES 
 
APPENDIX A: MATERIAL PROPERTIES  
(Chakraborty et al. 2018) 
                                                      @ 3% Plastic Strain                        @ 5% Plastic Strain 
 
 
   
  
 
 
 
    
 
 
 
 
 
  
 
 
  
 
 
 
  
 
 
 
 
Temp. (K) Yield (MPa) Tangent (MPa) Yield (GPa) Tangent (MPa) 
343 293 1440 312 1268 
373 250 1480 269 1268 
473 210 1500 229 1248 
573 181 1470 200 1208 
723 157 1380 174 1120 
873 147 1510 165 1220 
1073 129 833 140 698 
1273 48 640 55 513 
Temp. (K) Young's (GPa) Poisson's 
277 194 0.27 
466 184 0.28 
686 168 0.30 
1080 130 0.33 
1281 73 0.34 
1430 2 0.34 
Temp. (K) Sp. Heat (J/kg•K) 
295 481 
350 505 
489 529 
771 576 
1098 631 
1190 656 
1256 669 
1516 689 
1741 701 
Temp. (K) Therm. Conductivity 
277 15 
419 17 
738 21 
1277 28 
1619 28 
Temp. (K) Density (kg/m^3) 
295 7900 
377 7848 
517 7799 
1077 7598 
1347 7401 
1610 7213 
Temp. (K) Coeff. Therm. Exp. (K^-1) 
297 1.60E-05 
421 1.70E-05 
740 1.90E-05 
900 2.00E-05 
1072 2.10E-05 
1266 2.30E-05 
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APPENDIX B: SUMMARY OF ANALYSIS CONFIGURATIONS 
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APPENDIX C: VERTICAL DISPLACEMENT AT TOP AND BOTTOM SURFACE 
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APPENDIX D: INPUT VARIABLE SUMMARY 
 
Input variable Value 
Laser spot diameter 2.8 mm 
Laser scan speed 7.5 mm/second 
Power of laser beam 350 W 
Absorptivity of sheet metal 0.44 
Source power intensity 30.5 W/mm2 
Time taken by laser to complete 
one scan line 
2.667 seconds 
Ambient temperature 300.15 K 
Convective film coefficient 9.0 E-06 W/mm2 
Radiation emissivity 0.16 
Correlation To ambient 
Temperature at clamped portion 300.15 K 
Total time given for each laser 
scan (from start time to end of 
cooling time) 
120 seconds 
Total analysis time 1440 seconds 
Temporal discretization – 
Number of segments given for 
heat flux routine 
60 
Input variables for the presented model2 
 
 
 
 
 
 
 
                                                     
2 All values, with exception of absorptivity, are given by Chakraborty et al. (2018) & Shen et al. (2006)  
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FEM model submitted for analysis.
Input parameters are read and then data is written to files. 
Determine global coordinates of nodes associated with elements that lie 
on the surface of the laser scan path(s). Write to file.
Heat flux (laser scan) problem space is broken down into segments for 
individual load applications of heat flux. Each segment is assigned a 
corresponding time and, initially, all load segments (load steps) are 
deactivated.
The heat flux load step is activated for 
the next portion of the scan path. 
Surface elements are created for the 
active "face" of the moving heat source 
and the heat flux is applied to that face.
"Mask" previous load step.
Solve for the current load step. 
Check if analysis is complete.
Calculate heat flux to be 
applied during proceeding 
step.
Proceed to post-processing.
APPENDIX E: FLOW CHART OF MOVING HEAT SOURCE SUBROUTINE 
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APPENDIX F: RESEARCH RELATED CORRESPONDENCE 
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